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5.11.1 Maclaurin Series

Maclaurin Series of Standard Functions
What is a Maclaurin Series?

= AMaclaurin seriesis a way of representing a function as an infinite sum of increasing integer powers of
x (x!, x2, x3, etc)
= [fall of the infinite number of terms are included, then the Maclaurin series is exactly equal to the
original function

= |fwe truncate (i.e., shorten) the Maclaurin series by stopping at some particular power of X, then
the Maclaurin series is only an approximation of the original function

= Atruncated Maclaurin series will always be exactly equal to the original function for X = 0
= |ngeneral, the approximation from a truncated Maclaurin series becomes less accurate as the value of

X moves further away from zero
= Theaccuracy of atruncated Maclaurin series approximation can be improved by including more terms
from the complete infinite series

= So,forexample, aseries truncated at the x7 termwill give amore accurate approximationthan a

series truncated at the X3 term

How do | find the Maclaurin series of a function ‘from first principles’?

= Use the general Maclaurin series formula

)= F0) + x7(0) + ;—jf”(o)+...

This formula is in your exam formula booklet

STEP1: Find the values of £(0), £(0), £'(0), etc. for the function

= Anexam question will specify how many terms of the series you need to calculate (for example, “up
4”)

to andincluding the termin X
= Youmay be able to use your GDC to find these values directly without actually having to find all the
necessary derivatives of the function first
= STEP 2: Put the values from Step 1into the general Maclaurin series formula

= STEP 3: Simplify the coefficients as far as possible for each of the powers of X

Is there an easier way to find the Maclaurin series for standard functions?

= Yesthereis!
= The following Maclaurin series expansions of standard functions are contained in your exam formula
booklet:
x2
eX=1+X+2—!+...

Page2of15

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

2 3
1n(1+x)=x—X—+X——... /

2 3 Your notes
_ x3  x°
= -t — -
SIN X=X 3 5]
x2 x4
= ——+—_
cosx=1 X ar
x3 x°
arctanx=x——_—+——...
3 5

= Unless a question specifically asks you to derive a Maclaurin series using the general Maclaurin series
formula, you can use those standard formulae from the exam formula booklet in your working

Is there a connection Maclaurin series expansions and binomial theorem series expansions?

= Yesthereis!
= Forafunctionlike (1 + X)“ the binomial theorem series expansion is exactly the same as the
Maclaurin series expansion for the same function
= Sounless aquestion specifically tells you to use the general Maclaurin series formula, you can use
the binomial theorem to find the Maclaurin series for functions of that type
= Orifyou've forgotten the binomial series expansion formula for(l + X)” where 11 is not a positive
integer, you can find the binomial theorem expansion by using the general Maclaurin series formula
to find the Maclaurin series expansion

Page 30f15

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

@ Worked example

a) Use the Maclaurin series formula to find the Maclaurin series for f(X) =./1+2x uptoand
including the term inx?4.

fo) = Jieze = (e 2x)?

sTeEp1: F0)=1 f'(0)=1 f"(0)=-1
£ 0)=3 £ (0)=-15

A () v

2 3
STEP 2: f(x)= 1+ x(1)+ 2+ ")“;_:"(3)*%

2!

STEP 3 U? 1o t\e x'* tarm,
Ji+2x = |+x--:-,_-x1+—.‘3_-xg-—§-x'*

iatd & This 5 ki tamE o8 The binowied Thanian

exFo.ns:on af ('l"'?_x)-i

b) Use your answer from part (a) to find an approximation for the value of 4/ 1.02 ,and compare

the approximation found to the actual value of the square root.
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- o2, 3 g 4 ¥r°m Pa‘rt (a.)
.’i“’?.x = | SRt Mo el

Let x=0.01. Then Ji+2x = [i+2(0.01) = J102 .

So
3 4
||_og_ & \+(o.o|)——!7:(o.ol)1+-,l3_-(o.ol) ——%—(o.ol)

JLoz £ 1.00Q9950491315

TLQ e.;mct Vo.‘ue. o": T.LQ 5106.('2 ront ;5

.02 = 1.00995049383( ...

The o.rffox;mo.t;on 1 accurale

to 10 JP of ' S.'f.
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Maclaurin Series of Composites & Products
How can | find the Maclaurin series for a composite function?

= Acomposite functionis a ‘function of a function’ or a “function within a function’
= Forexample sin(2x) is a composite function, with 2x as the ‘inside function’ which has been putinto
the simpler ‘outside function’ sin x

= Similarly eX2 isa composite function, with X2 asthe ‘inside function’ and €X as the ‘outside
function’
= To find the Maclaurin series fora composite function:
= STEPT: Start with the Maclaurin series for the basic ‘outside function’
= Usually this will be one of the ‘standard functions’ whose Maclaurin series are givenin the exam
formulabooklet
= STEP 2: Substitute the ‘inside function’ every place that x appears in the Maclaurin series for the
‘outside function’
= Soforsin(2x), forexample, you would substitute 2x everywhere that x appears in the Maclaurin
series forsinx
= STEP 3: Expand the brackets and simplify the coefficients for the powers of xin the resultant
Maclaurin series
= This method can theoretically be used for quite complicated ‘inside’ and ‘outside’ functions
= Onyourexam, however, the ‘inside function’ will usually not be more complicated than something
like kx (for some constant k) or x" (for some constant powern)

How can | find the Maclaurin series for a product of two functions?

= To find the Maclaurin series for a product of two functions:
= STEPT1: Start with the Maclaurin series of the individual functions
= Foreach of these Maclaurin series you should only use terms up to an appropriately chosen
power of x (see the worked example below to see how thisis done!)
= STEP 2: Put each of the series into brackets and multiply them together
= Only keep termsin powers of x up to the power you are interested in
= STEP 3: Collect terms and simplify coefficients for the powers of xin the resultant Maclaurin series
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@ Worked example ,

Your notes
a) Find the Maclaurin series for the function f(X) = hl(l + 3X), up to andincluding the termin

x4,

Maclaurin series for S +£+ R x2+x’
special functions BT L AT
from eRowm
2 < 2. 4
. W S
smx:x—;+;—... cosx=l—E+E—... formula
’ ) ’ i \:aaklet
x3 xS
arctanx = X ——+-——
5
£ 3 Y

STEP 1 ln(|+x)=x--7_—*’ 3 --%-**...

- (37«)1 " (3:()3 _ (’Bx)q .
%A . BT

STEP 2 | (\*‘Gx)“ 3x
) \
STEP 3° ]n(l+‘3x)=3x—-}xz*‘ixa‘%x**...

b) Find the Maclaurin series for the function g(X) = eXsinx, up to andincluding the termin x4,
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Maclaurin series for g ol e Dl
special functions er=11x+ 27+... ( +x)—x—7+?—...
from eRowm
3 5 2 4
. X X X P
Slﬂx=x-;+;—“... COSX=1—E+?-... -For'"'""'
- - booklet
JC3 xs
a.rctanx=x——+?—...

STEP 1

STER 24!

STEP 3

" 5 e Hlear powers of x heece will
* % g & % % _X_. . 5'we powers \\:SLer Thean 4
e 2 0 " hea woltiplied by The
sin X Secries
X3 &= Pow' I d Tt | owers of
. - _ + own “nee Qrms 1n ‘r w
el = W e, ew % Wighar Than %

)(1 xa x3
e sinx = (‘***T*‘cp_"---)(*"co_*---)

Y
+ 1+i+—§——x$-:&—:‘--%-—%
AWA g & & Az AG
—
T D‘.sc,o.rrl terms 'Faf

fouqrs \-\;SLG..I‘ tLhn \"'

Nole fthwal the X*

term H Cou-\t.E.‘ out

R . _ 2.1 3
e Sinx = X+X R4,
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Differentiating & Integrating Maclaurin Series
How can |l use differentiation to find Maclaurin Series?

= |f you differentiate the Maclaurin series for a function f(x) term by term, you get the Maclaurin series for
the function’s derivative f'(x)
= You canuse this to find new Maclaurin series from existing ones
= Forexample, the derivative of sin xis cos x
= Soif you differentiate the Maclaurin series for sin x term by term you will get the Maclaurin series for
CosX

How canl use integration to find Maclaurin series?

= |fyouintegrate the Maclaurin series for a derivative f'(x), you get the Maclaurin series for the function f(x)
= Be carefulhowever, as you will have a constant of integration to deal with
= Thevalue of the constant of integration will have to be chosen so that the series produces the
correct value for f(O)
= You canuse this to find new Maclaurin series from existing ones
= Forexample, the derivative of sinxis cos x
= Soifyouintegrate the Maclaurin series for cos x(and correctly deal with the constant of
integration) you will get the Maclaurin series for sin x
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@ Worked example

a) 0] Write down the derivative of arctanx.
(if) 1
Hence use the Maclaurin series for arctanx to derive the Maclaurin series for <2
X

Standard derivatives

arctan x Sf(x)=arctanx = f'(x)= =
1+x
‘f'rom eRowm
Maclaurin series for . X’ o 5 \
special functions e =l+x+;+... ]n(l+x)=x-7+—3——... ormulo
booklet
a x3 Is Iz I4
Sinx=Xx=—=+—-=—... cosx=1=-—+—~...
31 5! 2! 4!
3 xS
arctanx =x——+-——...
5
1 d \
(i) (arcto.n x) - 2
d x \ +x
X1 XS !
” - X
" o.rctmn - AR - + - T e
(i) la 3 5 7
3 5 1]
=S 1 -4 X, XX
L+ x dx \* ™ 3 5 %
| 2 4 ©

ote 1 TLis 15 the some o5 the binomial

-1
theoram edens;on o'? (“"X:)

b) (i) Write down the derivative of —SINX.

(ii) Hence derive the Maclaurin series for COSX, being sure to justify your method.
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Maclaurin series for ¢ o 2 i
special functions e =l+x+E+... ln(1+x)=x—7+?—...
o x’ xs xz x‘
sinx=x——+—-—... cosx=l——+"——.
31 5! 21 4
x3 xS
arctanx=x——+?—...
] S ]
(i) sinx = -x *+oy - 2+ X
1 - Sin = & 1 R
3! S! =

from eRom

formula

booklet

('li) - Gimm B Yhe dedssliue cos X, S0 wWa con

'\-ﬂtejrate t\ne_ Ma.r_‘ou-ff.lﬂ sar'nes *or —s‘mx
to 'F-.-.J t\ne Mo..c.‘o.urlun SEC'|Q5 {or cosS ¥,

Y [ 8
= . P U D NS TGy LA A
C-ZTX "y T st YT
s
_ R S S S
= e R \ v T g7 -
2 i G- !
2 4 [ 8
(0] (0] (o) o]
A~d cos(O)=l, s0 C"‘,L—._"" |_"'E,'T+3l_' =
2
S - X +x"‘_x"*x8_
GOBI® = 2" T %Y e 8 -
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5.11.2 Maclaurin Series from Differential Equations /

Your notes

Maclaurin Series for Differential Equations
Canl apply Maclaurin Series to solving differential equations?

dy
= |fyouhave a differential equation of the form — — = g(X,y) along with the value of y(O) itis

dx

possible to build up the Maclaurin series of the solution Yy = f(X) term by term

= This does not necessarily tell you the explicit function of X that corresponds to the Maclaurin series
you are finding
= But the Maclaurin series you find is the exact Maclaurin series for the solution to the differential
equation
= The Maclaurin series can be used to approximate the value of the solution y = f(x) for different values of

X
= Youcanincrease the accuracy of this approximation by calculating additional terms of the

Maclaurin series for higher powers of X

How can | find the Maclaurin Series for the solution to a differential equation?

= STEP1: Use implicit differentiation to find expressions fory”, y’ " etc.,interms of X, ¥ andlower-

order derivatives of ¥
= The number of derivatives you need to find depends on how many terms of the Maclaurin series
you want to find
= Forexample, if you want the Maclaurin series up to the term, then you will need to find derivatives

up to y(4) (the fourth derivative of ¥)

= STEP 2: Using the giveninitial value fory(O),ﬁnd the values ofy'(()), y"(O), y”'(O), etc., one by
one
= Eachvalue you find will then allow you to find the value for the next higher derivative
= STEP 3: Put the values found in STEP 2 into the general Maclaurin series formula

)= F0) + x£(0) + ;—jf”(o)+

= Thisformulaisinyourexam formula booklet
= yV= f(X) is the solution to the differential equation, so y(O) corresponds to f(O) inthe formula,

y' (0) corresponds to Id(O) andsoon

= STEP 4: Simplify the coefficients for each of the powers of X in the resultant Maclaurin series
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@ Worked example

Consider the differential equation y' = y2 — X with the initial condition y(()) =2.

a) Use implicit differentiation to find expressions fory” , y’” and _)/(4) :

STEP 1 :

173 T s 2y -

T vl S r (RO R AL ACR)

y eyt 2G)

n

7(4)=4—i'(7m) 'f:('lyy"* 1(7)2)

"

T S0 s Sighy

) -

) & S

b) Use the giveninitial condition to find the values of y' (0), y”(O), y”’(O) and y(4) =0.

Page 13 of 15

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

STEP 2

Y(O)zl’ ) 7'(o)=7_1-0='+ 7':7/1-—)(

Then  y"(0) = 2(2)(4) -\ = 1S Y= 2yy -

n

y"(0) = 2(8)F 1) =91 y"=ayy o220

7“”(0) = G (4)(15) + 2 (2)(92) = 128 7“": Gy'y"+ Tyy™

7l(0) . 7"(0)= 'S

n

y" (@ =92y (0)= 128

Lety = f(X) be the solution to the differential equation with the given initial condition.

c) Find the first five terms of the Maclaurin series for f(X)
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Maclaurin series

from @xowm

f@)=FO+x O+ 'O +... formola
) bookleT

STEP 31 £(x) = 2+ x(4) r

STER 18

2
A

i

3 Y
(15) + = (92) + 25 (128) + _

15 2, 46 3, 9 ¢

ORI RS TRk SR 3 ML 5 3R
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