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6.1.1Equations of Lines in 3D 4

Your notes
Equation of aLinein Vector Form

How do | find the vector equation of aline?

= Youneedtoknow:
= The position vector of one point ontheline
= Adirection vector of the line (or the position vector of another point)

= There are two formulas for getting a vector equation of a line:
= r=a+t(b-a)

= use this formula when you know the position vectors a and b of two points on the line
= r=a+td

= use this formula when you know the position vector a of a point on the line and a direction
vectord

= Bothforms could be compared to the Cartesian equation of a2Dline
s y=mx +c
= Thepointonthelineaissimilarto the “+c” part
= Thedirectionvectordorb -aissimilarto the “m” part
The vector equation of a line shown above can be applied equally well to vectors in 2 dimensions and to
vectors in 3 dimensions

Recall that vectors may be written using i, j, Kk reference unit vectors or as column vectors
It follows that in a vector equation of a line either form can be employed - for example,

3 1
r=3i+j—7k+Hi—2j) anar=| 1 |+ -2
\=7) \0)
show the same equation written using the two different forms

How do I determine if a pointisonaline?

= Eachdifferent point on the line corresponds to a different value of t
= Forexample:if anequationforalineisr=3i+2j-k+t(i+2j)
= the point with coordinates(2, O, -1)isontheline and correspondsto t = -1
= Howeverwe know that the point with coordinates (-7, 5, O)is not on this line
= Novalue of t could make the k component O

Can two different equations represent the same line?

= Why do we say a directionvectorand not the direction vector? Because the magnitude of the vector
doesn’t matter; only the directionis important

= we can multiply any direction vector by a (hon-zero) constant and this wouldn’t change the
direction
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= Therefore there are aninfinite number of options fora (a point on the line) and an infinite number of ,
options for the direction vector

= For Cartesian equations - two equations will represent the same line only if they are multiples of each Your notes
other

= X — 2y =5and3x — 6y = 15
= Forvectorequations thisis not true - two equations mightlook different but still represent the same
line:

N N

\0) \1) \=2) (1)

O Examiner Tip

= Remember that the vector equation of a line can take many different forms. This means that the
answer you derive might look different from the answerin a mark scheme.

= You canchoose whether to write your vector equations of lines using reference unit vectors or as
columnvectors - use the form that you prefer!

= |f, forexample, an exam question uses columnvectors, thenitis usual to leave the answerin
columnvectors, butitisn’t essential to do so - you'll still get the marks!
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@ Worked example

a) Find avector equation of a straight line through the points with position vectors a = 4i- 5kand b
=3i-3k

Use. the position vecktors o £ind the displacement veckor

between twiem.

o) f) = 200

posi\:ior\ vector Posi\:ior\ vector
¥ of point o ¥ o point b
_ [k -\ _[3 -\
cS 2 -3 2
N dicection K dicection
veckor veckor

-
Y=L5+{:o
=5 2

b) Determine whether the point C with coordinate (2, O, -1) lies on this line.

2 .
Let ¢ = <O>. then check to see If there exiskts o value
=1

of t such thak

(5)-() ()

from the Ii\ componenk : b-t =2 @
from the 'J\ componenkt : 0 +0Qt =0 @(/) Works for oll ¢

From the Kk component : =5 + 2t =-| ®

® # t:z Sub \f\‘CD @: —5“‘(2)(2):—5-!-’-}- :—[/

Point C Les on the \ine
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Equation of a Line in Parametric Form
How do | find the vector equation of aline in parametric form?

= By considering the three separate components of avectorin the x, y and zdirectionsitis possible to
write the vector equation of a line as three separate equations

X
= letting = then I'= @+ Abbecomes

Y
z
X a, b,
" = +A
a, b,
4
a, b
a b,
= Where is apositionvectorand is adirectionvector
a
2 2
a, b

= Thisvectorequation canthenbe splitintoits three separate component forms:
- x=at lbl

- y=a,t /lb2
. zZ= a3+ lb?’
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@ Worked example

Write the parametric form of the equation of the line which passes through the point (-2, 1, O) with

3

directionvector

-4

Use 7 =a +2b Lo wrike bthe eguakion (n vector form

Fiesk: . @) _ (_22;) + A(j_)

pe s'\\-.'.o’»:\ K diceckion vectoc

veckor of
o po(v\\-.

Se_‘mro\‘v.e the components into thew 9 sayo«-o&e equm&ioﬂs
X =-2+34

Y | +A
z2=-4La

Page 6 of 26

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Equation of aLine in Cartesian Form

= The Cartesian equation of aline can be found from the vector equation of aline by
= Finding the vector equation of the line in parametric form

= Eliminating A fromthe parametric equations
= A canbe eliminated by making it the subject of each of the parametric equations

X_XO

1
= |n2D the cartesian equation of aline is aregular equation of a straightline simply givenin the form
= y=mx+c
» ax+by+d=0
Y=Y, X=X,
] = byrearranging y—y =m(x—X )
Y,V X,7X ! !
2 1 2 1
= |n 3D the cartesian equation of aline also includes zand is givenin the form
X— a y— a, z— a

= Forexample: X = X0+ A gives A=

1 3
. = = (:,1)
b, b, b,

a b

= where Y= ! +1 :
a, b,

7z

a, b,

= Thisis giveninthe formula booklet
= |fone of yourvariables does not depend on A then this part can be written as a separate equation
X—a, z— a,
= Forexample: b2=0 =y = a, gives = Y= a,

b, b

How do | find the vector equation of a line given the Cartesian form?

= |fyouare giventhe Cartesian equation of aline in the form

X— a y—a z— a
1 2 3
el A G2
1 2 3

= Avectorequation of the line can be found by

] STEP]:Seteachpartoftheequationequaltolindividually
= STEP 2: Rearrange each of these three equations (or two if working in 2D) to make x, y, and z the
subjects
= This will give you the three parametric equations

= X= a1+ /'tb1

- y=a,t Ab,
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- z=a,+ M’3 /

X a, b] Your notes
= STEP 3: Write this in the vector form = +A
a
2 2
z
a, b,
X
= STEP4:Setr toequal
Y
z

If one part of the cartesian equation is given separately and is not in terms of A thenthe corresponding
componentin the direction vectoris equal to zero

@ Worked example

1 4
Aline has the vectorequationr = | 0 |+ A| —2 [.Findthe Cartesian equation of theline.
2 1

Bes‘m b:j wr'\h\'r\j the ec‘lwxbiovx of the Une in pomume_‘cr(o_ forem:

SORORIDIRE S
2 =2+2r ®

Reowomsa each eguokion o ke A the Suoyeck :

@A_:x_"

4
A=_2
® =2
® r==z7-2

Set eoch expression RBor N equol Yo eoch other :

X -1 = Y = 2Z -2
& 2
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6.1.2 Pairs of Lines in 3D

Coincident & Parallel Lines
How do I tell if two lines are parallel?

= Twolines are parallelif, and only if, their direction vectors are parallel
= This means the direction vectors will be scalar multiples of each other

2 2 1 -1
= Forexample, the lineswhose equationsarer=| 1 +/11 0 |andr=| -1 +//L2 0
-7 -8 5 4
are parallel
2 -1
= Thisisbecause| 0 |=-2[ 0
-8 4

How do | tell if two lines are coincident?

= Coincidentlines are two lines that lie directly on top of each other
= They areindistinguishable from each other

= Two parallellines will either never intersect or they are coincident (identical)
= Sometimes the vector equations of the lines may look different

1 -4
= forexample, the linesrepresented by the equations T = ( +s and
\-8) '8
-3 1
r= + 1 are coincident,
0 -2
= Tocheckwhethertwo lines are coincident:
= Firstcheckthat they are parallel

—4 1
= Theyarebecause ( 2 ) = —4( ) ) and so their direction vectors are parallel

= Next, determine whether any point on one of the lines also lies on the other

1 1 -3 1
] is the position vector of a point on the first line and = +4
-8 -8 0 -2

soitalsolies onthe secondline
= |f two parallel lines share any point, then they share all points and are coincident
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Intersecting Lines
How do |l determine whether two lines in 3 dimensions intersect?

= |fthelines are not parallel, check whether they intersect:
= STEP1: Set the vector equations of the two lines equal to each other with different variables
= e.g.Aandy, forthe parameters
= STEP 2: Write the three separate equations for thei, j, and k componentsinterms of Aand p
= STEP 3: Solve two of the equations to find a value forAand p
= STEP 4: Check whether the values of A and p you have found satisfy the third equation
= |fallthree equations are satisfied, then the lines intersect

How do | find the point of intersection of two lines?

= [fapairoflines are not parallel and dointersect, a unique point of intersection can be found
= [fthe twolinesintersect, there will be a single point that will lie on bothlines
= Follow the steps above to find the values of A and p that satisfy all three equations
= STEP 5: Substitute either the value of A or the value of pinto one of the vector equations to find the
position vector of the point where the lines intersect

= |tisalwaysagoodideatocheckinthe otherequations as well, you should get the same point for
eachline

O Examiner Tip

= Make sure that you use different letters, e.g. A and M. torepresent the parametersinvector
equations of different lines
= Checkthat the variable you are using has not already been used in the question
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@ Worked example ,

Your notes
8 3
Line LyhasvectorequationT = -1 |+1] —1
-1 1
-3 -1
Line LphasvectorequationT =| 11 [+ u| 2
2 \ 1)
a) Show that the lines Lyand Lyintersect.

Set L, and L2 equal to each other:

()

Wrike the three separate equations for the i, j ond k

Components *
8+31L =-3-4 QO
-2 =1 +20 @

S+ A= 2+M0 ®

Solve equations O and @ to find o value for A and K

8 + 34 =—3—‘L
+3C-2 =5+2u)
5=30+5ML

mL=-5 = 8+31 =-3-(-5

A =-2
Check ‘these values of A and L in equations ®

-l+ A =24+M = -1 -2=2-5
-3=-3

AU three eguabions are sokisfied, so the Unes intersect

b) Find the position vector of the point of intersection.
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Substitute e volues of A and iU found in port () inko one ,
of the vector equations: Your notes
3 3 2
2 =-7 = A )=-2(-1)=(
_| | _3
OoR

]
N
w=—N
N—

= ()

Posihion veckoc = 2i_+}‘35
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Skew Lines
What are skew lines?

= Linesthat are not parallel and which do notintersect are called skew lines
= Thisisonly possible in 3-dimensions
= [ftwolines are skew then thereis not a plane in 3D than contains both of the lines

LOOK FOR LINES IN YOUR ROOM...

THESE TWO LINES ARE | | THESE TWO LINES ARE THESE TWO LINES ARE
PARALLEL — THEY DO NOT PARALLEL AND THEY | | NOT PARALLEL AND

NOT INTERSECT DO NOT INTERSECT — THEY DO INTERSECT,
THEY ARE SKEW AT A SINGLE POINT IN
THE CORNER OF THE
ROOM

How do | determine whether lines in 3 dimensions are parallel, skew, or intersecting?

= First,look to see if the direction vectors are parallel:
= if the direction vectors are parallel, then the lines are parallel
= if the direction vectors are not parallel, the lines are not parallel
= [fthelines are parallel, check to seeif the lines are coincident:
= |fthey share any point, then they are coincident
= |f any pointonone lineis not on the otherline, then the lines are not coincident
= |fthelines are not parallel, check whether they intersect:
= STEPT: Set the vector equations of the two lines equal to each other with different variables
= e.g.Aandy, forthe parameters
= STEP 2: Write the three separate equations for thei, j, and k componentsinterms of Aand p
= STEP 3: Solve two of the equations to find a value forAand p
= STEP 4: Check whether the values of A and p you have found satisfy the third equation
= |[fallthree equations are satisfied, then the linesintersect
= [f notall three equations are satisfied, then the lines are skew
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@ Worked example

Determine whether the following pair of lines are parallel, intersect, or are skew.

r=4i+3j+s(5i+2j+3k)andr= —5i+4j+ k+ t2i—j).

STEP I: Check to see if the lines are parallel:

@)2) 7 ()h)

direckion veckors
The Lines ace ok pacallel becoause there is no

value of k such thok /g 2
3 -+6)
o

STEP 2: Check to See if the lines interseck :
G+ 8N =-5+2M ® Set up bnrcee equakions

2 4+ 2N

b-p @ for ecach of the i,} ond

3AN=| ® k Compone nts.

-

E%&hior\ ©: A =_é Su\o nto @5 3 4‘2(‘?): 4—}4.

3 s h-n
L
3

M

Suw ke D 5(L3)= -5 *7-(]?)

% # "—3?L contradiction

Theve is ne ponkt of intersection.

The Lines are Skew
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6.1.3 Angle between Lines V4

Your notes
Scalar Product
The scalar productis animportant link between the algebra of vectors and the trigonometry of vectors. We

shall see that the scalar productis somewhat comparable to the operation of multiplication onreal
numbers.

What is the scalar (dot) product?

= Thescalarproduct between two vectorsaandbisrepresentedby @ - b
= Thisisalso called the dot product because of the symbolused

= The scalarproductbetweentwovectors@ = a, i+ azj + a3kand b= b1 i+ sz + b3k is
‘b= + +
definedasa- b a, bl azbz 33 b3

= Theresult of taking the scalar product of two vectors is a real number
= j.e.ascalar
= Forexample,

(3i—-k)-(2i+9j+k)=3x2+0x9+(-1)x1=6+0—-1=5

and

rzi-r_81=2x(—8)+7x2= - 16+14= -2
\7)\2)

= The scalar product has some important properties:
= The order of the vectors doesn’t affect the result:

a-b=b-a

= |neffect we can ‘multiply out’ brackets:

a-(b+c)=a'b+a-c

= This means that we can do many of the same things with vectors as we can do when operating on real
numbers - forexample,

(a—b)-(a—b)=a-a—-2a-b+b'b

= The scalar product between avectoranditself is equal to the square of its magnitude:
a-a=|al?

Forexample,

2.2 =22+72=53 Iz |2—22+72—53
7)\7)7 IR S -
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What is the connection between the scalar product and trigonometry?

= Thereis anotherimportant method forfinding@ * b involving the angle between the two vectors 0:

a-b=|al||b|cos 0

= Here Qisthe angle between the vectors when they are placed ‘base to base’
= whenthe vectors are placed so that they begin at the same point

= Thisformula can be derived using the cosine rule and expanding (a - b) . (a - b)
= The scalar product of two vectors gives information about the angle between the two vectors
= |fthe scalar productis positive then the angle between the two vectorsis acute (less than 90°)
= |fthe scalar productis negative then the angle between the two vectors is obtuse (between 90°
and180°)
= |fthe scalarproductiszero thenthe angle between the two vectorsis 90° (the two vectors are
perpendicular)

log

How do | tell if vectors or lines are perpendicular?

= Two (non-zero)vectors @ and bare perpendicularif, and onlyif, @ * b=0
= |ftheaandb are perpendicularthen:
= 0=90°=cos #=0= |a||blcos 0 =0=a-b=0
= ifa-b=0rthen:
. |a| |b|COS 0 =0=cos 8=0=0=90°= aandbare perpendicular
= Forexample, the vectors 2i— 3j + 5kand —41i —j +k are perpendicular since
(2i—3j+5k) - (-4i—j+k)=2x(-4)+(-3)x(=1)+5%x1=-8+3+5=0
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O Examiner Tip

= Whenwriting a scalar product, it’'simportant to write a distinctive dot between the vectors -
otherwise your meaning will not be clear.

@ Worked example

2 ..

Find the value of t such that the two vectors vV = and W= (t - 1)1 -]t kare
t

perpendicular to each other.

The twe vectors ¥ ond W ore perpendicular
f vw =0

7 [t -
v = £ y W= .y
S

v-w = 2(t-1) %t + 50)

= 2t-2-6+95
Therefore ¥ ond W ore perpendicular i

t+3=0

t=-3
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Angle between Lines

How do I find the angle between two vectors?

= Recallthat aformula forthe scalar (or ‘dot’) between vectors @ and bis

a-b=|a||b|cosh

= where @ isthe angle between the vectors when they are placed ‘base to base’
= thatis, whenthe vectors are positioned so that they start at the same point
= We arrange this formula to make COS chesubject:
= Tofind the angle between two vectors
= Calculate the scalar product between them
= Calculate the magnitude of each vector

= Use the formulatofind cos 0

= Useinverse trig to find 0

How do | find the angle between two lines?

= Tofind the angle between two lines, find the angle between their direction vectors

= Forexample, if the lines have equations T = al + Sd1 andT = a2 + tdz, thenthe angle 6

betweenthelinesis given by

d1 -d2
0=cos™ |5
|,]4,|
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@ Worked example /

1 Your notes
Calculate the angle formed by the two vectors v = [ ] and w=31+ 4j -k

-l . 3
\_/ = ) W= 3i_ + ll- - E .
(3) == sivge - (3)

Stort \o5 (:ind{ns the scalar produck:

- () )

=(-1X3)+(3XL|-)+(‘2_X-|>=?
Find the mmsn'\huo\e. of botw veckors:
lv| =) +3*+ 2> = e

W[ = |32+ 42 +(-1)" =26

cosf =_F = 0.3bb%...
Na xJ26

6 = cos '(0.2668...)

0 =685 (3sf)

Page19 of 26

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

6.1.4 Shortest Distances - Lines

Shortest Distance between a Point & aLine
How do | find the shortest distance from a point to aline?

= The shortestdistance from any point to aline will always be the perpendicular distance
= Givenalinel withequationT = a+\b and apointPnoton/
= The scalar product of the direction vector, b, and the vectorin the direction of the shortest
distance will be zero
= The shortest distance can be found using the following steps:

= STEPT: Let the vector equation of the line be rand the point not on the line be P, then the point on

theline closest to P will be the point F
= The point Fis sometimes called the foot of the perpendicular
= STEP 2: Sketch adiagram showing the line | and the points Pand F
—

= The vector P will be perpendicular to the line |
= STEP 3: Use the equation of the line to find the position vector of the point F in terms of A

—
= STEP 4: Use this to find the displacement vector FFPinterms of A

—
= STEP 5: The scalar product of the direction vector of the line | and the displacement vector FP will

be zero
—
= Formanequation FP-b=0 andsolve to ind A

— —
= STEP 6: Substitute Ainto F/P and find the magnitude |FP|

—>
* The shortest distance from the point to the line will be the magnitude of FP

= Note that the shortest distance between the point and the line is sometimes referred to as the length

of the perpendicular
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Your notes

4
\lp

SHORTEST S
DISTANCE

u L

t:
SOMETIMES CALLED THE FOOT
OF THE PERPENDICULAR

Q Examiner Tip

= Columnvectors can be easier and clearer to work with when dealing with scalar products.
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@ Worked example

2 0
Point A has coordinates (1,2, 0) and theline I has equationT = 01+Al1
6 2

Find the shortest distance from A to the line .

Bis on L so can be written  becns of A:

Fo=(0) +2(° 2

G- (3) +2(D)-(1,) oo

— 2.

AB = 3 -
() (

)
A_é 1s perpendicdar to L: E é>=o

(:2)()-o

;L-2+2(6+z,1,)-o

SA+10=0
A=-2

Subshitwte back ko AB and find the mogritude
|
()0
b +2(-2) 2
|A_é| = 12+ +2* = j2—|

Shortest distance = V2l units
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Shortest Distance between two Lines

How do we find the shortest distance between two parallel lines?

= Two parallel lines will neverintersect
= The shortest distance between two parallel lines will be the perpendicular distance between them

= Givenaline ]1 withequationr =a, + /ldland aline ]2 withequationT = a, + ,udz then the shortest

distance between them can be found using the following steps:

Remember the direction vectors d1 and d2 are scalar multiples of each otherand so eithercanbe

used here

STEP 1: Find the vector between a1 and a general coordinate from I2 interms of y

STEP 2: Set the scalar product of the vector foundin STEP 1and the direction vector (‘l1 equalto

zero
STEP 3: Form and solve an equation to find the value of u
STEP 4: Substitute the value of  back into the equation for ]2 to find the coordinate on 12 closest

to 11

STEP 5: Find the distance between a1 and the coordinate foundin STEP 4

How do we find the shortest distance from a given point on aline to another line?

= The shortest distance from any point on aline to anotherline will be the perpendicular distance from
the point to theline

= |fthe angle between the two lines is known or can be found thenright-angled trigonometry can be
used to find the perpendicular distance

= Alternatively, the equation of the line can be used to find a general coordinate and the steps above can
be followed to find the shortest distance

How do we find the shortest distance between two skew lines?

= Two skew lines are not parallel but will neverintersect
= The shortest distance between two skew lines will be perpendicular to both of the lines

= Tofind the shortest distance between two skew lines with equations T = a, + /ld1 andr= a, + ydz ,

STEP 1: Find position vectors for the points on eachline that form the shortest distance

= PointP has positionvectorp = a1 + /ld1
= PointQhaspositionvectorq = 212+,ud2
STEP 2: Find the displacement vector between P and Q

—
= PO=q-—-p

STEP 3: Form two equations by using the fact that the scalar product of the displacement vector
and the direction vector of each line should equal zero

- (q-p)-d =0

Page 23 of 26

©2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

- (q-p)-d,=0 V4
= STEP 4: Solve the two equations simultaneously to find the values of Aand p

= STEP 5: Substitute the values of A and pinto the displacement vector and take the magnitude
= Shortestdistance = |q— pl

Your notes

O Examiner Tip

= Exam questions will often ask for the shortest, or minimum, distance within vector questions
= [fyou’re unsure start by sketching a quick diagram
= Sometimes calculus can be used, however usually vector methods are required
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@ Worked example

Consider the skew lines ]1 and 12 as defined by:
6 2
11:1'= -4 [+ 1] -3
\3 /) \4)

-5 -1
]2:1'= 4 +u 2
-8 1

Find the minimum distance between the two lines.
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4

Find position vectors for szremL pownts, P ond Q. on both Llines:
= [6+22 - [-5-M Your notes
OF=(4_3y OQ=(4+9u

3+42 -8+ U

find the displacement veckor between P and Q
> [-5-M 6+22\ _[-n-m-22
Pa=(4+on)~(4-32) (8+2u+32
Sl 3+42 )
The scolor product of P8 ond tne dicection vectoe of eoch line is zero

- /2 N -22 2
Pa(-3) =0 = |g+2m+31)" —3>=
4 -+ -4 %

> 2(-N-m-22) =38+ 21 +3) +4(-N + L-42) =0

-q0-4m-292=0 ()
— /- MM -Z2N\ [
Pa(2)=0 = (g+2m+32)'(2)=0
[ Sl ) :
>-(Cn-m-22)+2@+ 20 +30) + (-1 + L-42) =0
l6+6h+42=0 D

Solve the simultoneous equotions 1o find 1 ond 1 :

- 238 -.52
& 7a =3

N
Substituke back inte PQ and find the mognitude :

L9 _<s7.> (zsg 3“ z z z
8+2<57->+3<233> m =/<_34|)+<Ls)+(1>

31

'"+( ) ‘f(zss) 7

Shortest distance = 493 units (3s.£.)
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