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Introduction to Column Vectors

Basic Vectors

What are column vectors?

4

Your notes

= Acolumnvector canbe used to describe how to get from one point to another point

= Thisis also called a translation vector

6
] (3 means 6 units to the right and 3 units up

MOVEMENT

IN X-DIRECTION
0 RiGEm = 1@ LEET)

MOVEMENT IN Y-DIRECTION

(+UP, — DOWN)

#savemyexams

How do | add and subtract column vectors?

= Adding and subtracting vectors is done by looking at the top numbers and bottom

numbers separately
= Toaddcolumnvectors
= Addthetop numberstogether
= Addthe bottom numbers together
o220 )-8
. + = =
\2) \-1) (2+(=1) \1)
= Tosubtract columnvectors
= Subtract the second top number from the first

= Subtract the second bottom number from the first
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SHEEANEANER s

\2 \—1 \2—(—1) \3/ Your notes
How do | multiply a vector by a scalar?
= Ascalaris numbernot avector
= [tdoesnothave adirection
= Tomultiply a columnvector by a scalar
= Multiply the top number by the scalar
= Multiply the bottom number by the scalar

S22

\ -1 \3><(—1) \-3)
How do | write an expression as a single column
vector?

= Youneedto follow the order of operations

A2 )

\2) \~1)

= STEP1
Multiply each vector by the scalarin front of it

2%5 5%3 10) (15
. (2x2)+(5x(—1))=(4 )+(—5)

= STEP2
Add or subtract the new columnvectors

_ (10+15 L(zs)

\4+(=5)) \-1)

o

Worked Example

a=(? )oev=[ 2]

\3) \ 1)

4

Giventhat2a+3b= (q

), find the value of p and the value of g .
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Write the left-side side as one vector ,
Multiple each vector by the scalarin front of it

(2p\+(—6\=(

\6) \3)

Your notes

Add the vectors together

The top components are equal
Form and solve an equation

2p—6=4
2p=10
p=3
The bottom components are equal
9=¢q

p=5and q=9
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Representing Vectors as Diagrams

Vector Diagrams

How canlrepresent a vector visually?
= Avector hasboth a size (magnitude) and a direction
= Youneedtodraw aline to show the size of the vector

= Youalsoneedto draw an arrow to show the direction of the vector

MAGNITUDE 3\ v

a DIRECTION

@savemyexams

= Vectors are writtenin bold when typed to show that they are avectorand not a scalar
= Whenwriting a vectorin an exam you should underline the letter to show it is a vector
= @ whentypedand @ when handwritten

= You willnotlose marks if you forget to underline vectors

—_—
= Ifavectorstarts at A and ends at Bwe canwriteitas AB

= Here the arrow will point toward B

—_
» Vector BA willhave the same length but point toward A

4

Your notes
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B Your notes

AB
A

#Fsavemyexams

How do | draw a vectoron a grid?

= Youcandraw avectoranywhere ona grid

= Just make sureit has the correctlength and the correct direction

3
= Todrawthevector@= (

\4)
= Pickapointonthe grid and draw a dot there
= Count 3unitsto theright and 4 units up and draw another dot
= Draw aline between the two dots
= Putanarrow onthe line pointing toward the second dot

= ook outfornegatives and zeroes

2
= b= goes 2 totherightand4 down

2
= C= 0 goes 2 to theright but does not go up or down
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4

Your notes
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What happens when | multiply a vector by a scalar?
= Whenyou multiply a vector by a positive scalar:
= Thedirection stays the same

= Thelength of the vectoris multiplied by the scalar

(4]
= Forexample, @ = _2/

willhave the same direction but double the length

1 2
] a= will have the same direction but half the length
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4

Your notes

S mmE i

24

M)
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= Whenyou multiply a vector by a negative scalar:
= Thedirectionisreversed
= Thelength of the vector is multiplied by the number after the negative sign

(4]
= Forexample, @ =
\=2)

-4 \
= —a= ( 2 willbe inthe opposite direction and its length will be the same

(-8

= —2a= 4 willbe in the opposite direction and its length will be doubled
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4

Your notes
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What happens when | add or subtract vectors?
= Todrawthevectora+ b
= Drawthevector@
= Drawthevectorb starting at the endpointof @
= Drawaline that starts at the start of @ and ends at the end of b
= Todrawthevectora— b
= Drawthevector@
= Drawthevector—b starting at the endpointof @

= Drawaline that starts at the start of @ and ends at the end of — b
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4

Your notes

~_a+b

Q
\
Y
—

(@]

b a—b/
/
[
%{ “b
P —

o

Worked Example

The points A, Band C are shown on the following coordinate grid.

(a)

_ — —_—
Write the vectorsAB, AC and CB as columnvectors.

Start by drawing the three vectors onto the grid
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yA
B
AB
A 2

=
-5 -4 3 210 1 213 4 5%
——=X
AC
_3 C
—4
=5
@savemyexams
FromAtoB,itisétotherightand2up
AB=(°
2
FromAto C,itis7to therightand é down
ac=(’
-6
From CtoB,itis1totheleftand 8 up
B=( ")
8

(b)

—_— _— —
Without using any calculations, explainwhy AB+ BC+ CA =

The vectorgoes fromAto B, thenfrom B to C, thenfrom Cbackto A

1, SaveMyExams
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Your notes
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l The vectorreturns toits starting point ,

Your notes
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Magnitude of a Vector ,

Your notes

Magnitude of a Vector

How do | find the magnitude of a vector?
= The magnitude of a vectorisits length (distance)
= |tisalso called the modulus
= Thisis always a positive value

= Thedirection of the vectorisirrelevant

— —
= The magnitude of A B iswritten |AB|

= The magnitude of ais written |a|

= Depending onthe use of the vector, the magnitude of a vectorrepresents different
quantities

= Forvelocity, magnitude would be speed
= Foraforce, magnitude would be the strength of the force (in Newtons)
= |ncomponent form, the magnitude is the hypotenuse of aright-angled triangle

= Use Pythagoras' theorem to find the magnitude

X
= Themagnitude of @ = ( )
y

- la|= VX2 + y?
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v 4

Q Your notes

ral

THE DISTANCE PQ IS CALLED THE
MAGNITUDE (OR MODULUS) OF
THE VECTOR P

—
THIS IS DENOTED BY IPI OR IPQI

=

Examiner Tips and Tricks
= |fthereisno diagram, sketch one!

= Youcansketchavectoranduseitto formaright-angled triangle

o

Worked Example
Consider two points A(—3, 5) and B(7, 1).

e
(a) Write down the column vector AB.

Find the horizontal and vertical distances between the two points
Subtract the xand y components of A from B

1-5

—
(b) Find the modulus of vector AB.
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—_—
Sketching a diagram of the vector AB canhelp ,

Your notes

10

|AB|

—_—
Apply Pythagoras' theorem to the xand y components of AB

|AB| =102+ (-4)2
= /100+16

=,/ 116

|AB|=2,/29
(c) Briefly explain why |§>4| = |A_é|

The magnitude of avectorisit's 'size'

Direction of the vectorisignored

— —
|BA| = |AB| since both vectors have the same distance

—_— e
Anothervector, CD, has three times the magnitude of vector A B.

—_—
(d) Write down a possible column vector for CD.

—_— —
Being three times |AB| means the vector A Biis three times longer

—_
One way to find a vectoris to multiply each component of the vector AB by3or-3

10

CD=34B=3| _,

-12
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—_— - 30 ,
Another possible answeris CD=

12 Your notes
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Position & Displacement Vectors ,

Your notes

Position & Displacement Vectors

What are position vectors?
= Aposition vector describes where a specific point, A, is, relative to a fixed origin, O

= Lower-case bold (orunderlined) letters are used

o
» The pointA has positionvectora= OA
= Theircomponents are equal to their coordinates
3
= The point with coordinates (3, -2) has position vector from the origin

\"2)

What are displacement vectors?

= Adisplacement vector describes the direction and distance between two points

—_—
» ThedisplacementvectorfromA toB is AB

= HowtogetfromA toB
= [fthe points A and B have positionvectors aand b relative to O
= thenA toB isthesameasA to O (-a)followed by O to B (b)
—_—
« AB=—a+b=b—-a

= Thisisauseful rule toremember

THE POSITION VECTOR
OF A IS OA=a

A —
THE DISPLACEMENT VECTOR AB
CAN BE WRITTEN USING
q THE POSITION VECTORS
e —> —> —> —>
o B B=-0A+0B=08-0A
b - —h
=-a+b=b-a
THE POSITION VECTOR THIS SHOWS THE
OF B IS OB=b ROUTE FROM A TO
B VIA O

1’ SaveMyExams © 2025 Save My Exams, Ltd. ~ Get more and ace your exams at savemyexams.com 17


https://www.savemyexams.com/?utm_source=pdf

1, SaveMyExams
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( ,
o Your notes
Examiner Tips and Tricks

= Youmay need todraw anorigin, O, onto adiagram to be able to sketch position
vectors.

\

(

Worked Example
3 6
The points Pand Q have positionvectors and respectively.
\2) \~10)
—_
Find and simplify the vectorPQ.
Let P and ( be positionvectors of P and Q
—
PQ isthe displacement vector fromP to @
—_—
Usetherulethat AB= —a+b=b—a
—
PQ=q-p
Substitutein P and q
- )

\—10) (2

Expand and simplify
6-3
—-10-2
(2]
\712)
po=( °
-12
You can also get this answer by seeing what vector must be added to ptoget q
\

Get more and ace your exams at savemyexams.com
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Finding Vector Paths ,

Your notes

Finding Vector Paths

How do | find the vector between two points?
= Avectorpathis a path of vectors taking you from a start point to an end point
= The following grid is made up entirely of parallelograms
= Thevectorsaandb defined as marked in the diagram:

= Anyvectorthat goes horizontally to the right along a side of a parallelogram will
beequaltoa

= Anyvectorthat goes up diagonally to the right along a side of a parallelogram
willbe equaltob

P Q R S T

A 9 B C D E

#savemyexams

= To find the vector between two points
= Counthow many times you need to go horizontally to the right
= This will tellyouhow many a's are in your answer
= Counthow many times you need to go up diagonally to the right
= Thiswill tellyouhow many b's are in your answer

= Addthea'sandb'stogether
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- £Eg. AR=2a+3b

= Youwillhave to put a negative in front of the vectorif it goesin the opposite direction
= -aisonelengthhorizontally to the left

= -bisonelength downdiagonally to the left
— —
« EgFB=—-b+aocrFB=a—b

. Likewise,f?j:“= —F%= —(—b+a)=b—a

P Q R S T

A 9 B C D E

#Fsavemyexams

= |tispossible to describe any vector that goes from one point to anotherin the above
diagramintermsofaandb

o

Examiner Tips and Tricks

= Mark schemes will accept different correct paths, as long as the final answeris
fully simplified

= Checkforsymmetriesinthe diagram to see if the vectors given can be used
anywhere else

o

Worked Example

The following diagram consists of a grid of identical parallelograms.
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—_— —_—
Vectorsaandb aredefinedbya = ABandb = AF. ,

Your notes

P Q R S T

A 9 B C D E

@savemyexams

Write the following vectorsinterms of aandb.
E——
a)AE

To get from Ato Ewe need to follow vectorafour times to the right

—_—

AE = AB + BC + CD + DE

at+a+a+a

Zﬁ=4a
m@?

There are many waysto getfromGtoT
One optionistogo from Gto Q (b twice), and then from Q to T (a three times)

—_—

GT=GL + LO + QR + RS + ST

b+ b+a+a+ a

|

Q

T=3a+2b
C)E_‘Ié

There are many ways to get fromEto K
One optionisto go fromEto O (b twice), and then from O to K (-a four times)

1’ SaveMyExams © 2025 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com
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EK = EJ+JO+ ON + NM + ML + LK P4
=b+b—-a—-a—a-—-a Your notes
EK=2b-4a

—4a+ 2bisalso acceptable
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Problem Solving with Vectors ,

Your notes

Vector Problem Solving

What are vector proofs?
= \Vectors canbe usedto prove things that are true in geometrical diagrams

= Vector proofs can be used to find additionalinformation that can help us to solve
problems

How do | know if two vectors are parallel?
= Two vectors are parallel if one is a scalar multiple of the other
= Thismeansifbisparalleltoa,thenb =ka

= wherekis aconstant number (scalar)

= Forexample, @ =

(2)=2x( ! )ob=2a

\6) \3)

= bisascalarmultiple of a,sobis parallel to a

1
3) 6/

|
i

= |f the scalarmultiple is negative, then the vectors are parallel and in opposite directions
\=%)

= cisparalleltoaandinthe opposite direction

—3a

= |ftwo vectors factorise with a common bracket, then they are parallel
= They canbe written as scalar multiples

= Forexample
= 9a+6bfactorisesto 3(3a+ 2b)

= ]2a+8bfactorisesto 4(3a+2b)

4
= Thismeans 12a+ 8b= §(9a+ 6b)

= sothey are scalar multiples of each other

= andtherefore parallel

How do | know if three points lie on a straight line?
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= Youmay be asked to prove that three points lie on a straight line ,

= Pointsthatlie onastraightline are collinear Your notes
= Toshowthat the points A, B and C are collinear

= prove that two line segments are parallel

= andshow that thereis atleast one point that lies on both segments

= This makes them parallel and connected (not parallel and side-by-side)
—_— —_—
= Forexample, if you show that BC'=2A B then
= theline segments AB and BC are parallel

= andtheyhave acommon point, B

= SoA,B and C mustbe collinear

e —_
= Similarly, AC=3ABmeansAC andAB are parallel
= andtheyhave acommon point, A

= sOoA,B and C mustbe collinear

B
C
B
A A
C

A,B,C COLLINEAR AB,C NOT COLLINEAR
AB PARALLEL TO AC AND BC AB NOT PARALLEL TO AC OR BC

#Fsavemyexams

How do luseratios in vector paths?
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5 s

Your notes

#Fsavemyexams

= Convertratiosinto fractions

= Inthe example shown,if AX : XB=23:5 then

Ax=-AB
) "8

— 5—>
. XB=§AB

= Theratio3:5has3+5=8parts

= Always check which ratio you are being asked for

—_— 3 -
« AX= gXB
— 5 —
= XB= gAX
.
Worked Example
The diagram shows trapezium OABC.
OA =2a
OC=c

e —_—
ABis parallelto OC, with AB=3OC.
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A B Your notes
2d
NOT TO
- SCALE
O C C
#Fsavemyexams
(a) Find expressions for vectors b—é and;l—é intermsofaandc.
A_é=3aéand5(>j= C so A_l;’=30.
OB=O0A+ AB
=2a+3c
—
OB=2a+3c
AC=AO0+0C
= -0A+0C
=—-2a+c
—_—
AC=c—-2a
(b) Point Plieson AC suchthat AP:PC=3:1.
Find expressions for vectors ﬁand 5>P interms ofaandc.
Ab=——AC=2AL
AP:PC =3:1means that = 3+ 1 = 4
AP=2 AC=>(-2a + o)
= 4 = 4 a C
Ab=-2a+-
= ) a 4 C
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OP=OA + AP /
( 3 3 \ Your notes
=2a+|—sa+—c

\ 2 47

OP=—=a+-c¢

N | =
S w

—_— —

(c)Hence, prove that point Plies on line OB, and determine the ratio OP : PB.

Toshow that O, P, and B are colinear (lie on the same line), note that

5?’—1 +2 —1(2 +3c)
=5a+ o=, (2a+3c

OP=—(2a+30)=~ 0B
T4 ATIem Y

1 -

—
OP = z OB therefore OP s parallel to OB

and so P must lie on the line OB
if OP= ZOB then PB = ZOB

515:173=1:3
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