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CIE IGCSE Maths: Extended 7

Your notes
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Solving Quadratics by Factorising /

Your notes
Solving Quadratics by Factorising
How do I solve a quadratic equation using factorisation?

= Rearrangeitintotheformax?+bx+c=0
= zeromustbe ononeside
= jtiseasiertousethe side where ais positive
= Factorise the quadratic and solve each bracket equal to zero
s [f(x+4)(x-1)=0,theneitherx+4=00rx-1=0
= BecauseifAxB=0,theneitherA=0orB=0
= Tosolve (X - 3)(X + 7) =0
= _solve “firstbracket=0":
= x-3=0
= add3tobothsides:x=3
= _.andsolve “second bracket = 0”
m x+/7=0
= subtract 7 frombothsides: x=-7
= Thetwo solutionsarex=3orx=-7
= The solutions have the opposite signs to the numbersin the brackets
= Tosolve (2X - 3)(3X + 5) =0
= _.solve “first bracket=0"
m 2x-3=0
= add3tobothsides:2x=3

3

= divide bothsidesby2:x= 5

= _.solve “secondbracket=0"
= 3x+5=0
= subtract 5 frombothsides: 3x=-5

5

= divide bothsidesby 3:x=— 3

3 5

= Thetwo solutionsarex= " orx=—""

2 3

= To soIveX(X - 4) =0
= it may help to think of xas (x - O) or (x)
= _.solve “first bracket=0"
» (x)=0,s0x=0
= _.solve “secondbracket=0"
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L X—4:O /
= add4tobothsides:x=4

= Thetwo solutionsarex=0orx=4 Your notes
= |tisacommon mistake to divide both sides by x at the beginning - you will lose a solution (the
x =0 solution)

O Exam Tip

= Useacalculatorto checkyour final solutions!
= Calculators also help you to factorise (if you're struggling with that step)

2 1
= Acalculator gives solutions to 6x2+x—2=0asx=— ? andx= 5
= "Reverse"the method above to factorise!
- 6x2+x-2=03x +2)2x - 1)
2 1
= Warning: a calculator gives solutionsto 12x2 + 2x-4=0asx= — ? andx = 5

» Butl2x?+2x-4# (3X + 2)(2X - 1) asthese brackets expand to 6x2 +...not 12x2 + ...
= Multiply by 2 to correct this
- 22+2x-4=2(3x+2)(2x - 1)
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@ Worked example

(a)

(b)

Solve (X - 2)(X + 5) =0

Set the first bracket equal to zero

Add 2 to both sides

Set the second bracket equal to zero

Subtract 5 fromboth sides

Write both solutions together using “or

solve (8x+7)(2x—=3)=0

Set the first bracket equal to zero

Subtract 7 fromboth sides

Divide both sides by 8

Set the second bracket equal to zero

Add 3to bothsides
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x+5=0

8x+7=0

8x=-7

2x-3=0
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2x=3

Divide both sides by 2

Write both solutions together using “or”

7 3
X= _E orx= E
Solve X(SX - 1) =0
Do not divide both sides by x (this will lose a solution at the end)
Set the first “bracket” equal to zero
x)=0
Solve this equation to find x
x=0
Set the second bracket equal to zero
5x-1=0
Add1tobothsides
bx=1
Divide both sides by 5
1
s
Write both solutions together using “or”
1
x=0orx= g
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Quadratic Formula /

Your notes
Quadratic Formula

How do l use the quadratic formula to solve a quadratic equation?

= A quadratic equation has the form:
ax?+bx+c=0(aslongasa=0)

= youneed"=0"ononeside
= The quadratic formulais a formula that gives both solutions:

-bt./b>—4ac
2a

= Read off the values of a, b and ¢ from the equation
= Substitute theseinto the formula

= write thisline of workingin the exam

= Put brackets around any negative numbers being substitutedin
= Tosolve 2x2 - 7x - 3 = O using the quadratic formula:

= g=2,b=-7andc=-3

—(=7) £/ (-7)2 =4 x2x (-3)
. 2%2
= Type thisinto a calculator or simplify by hand
= oncewith+for +and once with - for +
= The solutions are x=3.886 and x=-0.386 (to 3dp)
= Roundingis often asked forin the question
= The calculatoralso gives these solutions in exact form (surd form), if required

7+./73 7-/73
o4 T4

= Onthenon-calculator paperyou will be asked to give your answers as simplified surds so make
sure that the number under the square root has no square factors
= |fit does then simplify the surd!

n X =

= X andx=

What is the discriminant?

= The part of the formula under the square root (b? - 4ac)is called the discriminant
= The sign of this value tells youif there are O, 1or 2 solutions
» [fb?-4ac > O (positive)
= thenthere are 2 different solutions
» Ifb?-4ac=0
= thenthereisonly1solution
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= sometimes called "two repeated solutions"
= Ifb2-4ac <0 (negative)
= thenthere are nosolutions
= |fyour calculator gives you solutions withitermsin, these are "complex" and not what we are
looking for
= Interestingly, if b2 - 4acis a perfect square number (1, 4, 9,16, ..) then the quadratic expression
could have been factorised!

Canluse my calculator to solve quadratic equations?

= Yestocheckyourfinal answers, but a method must still be shown as above

O Exam Tip

= Make sure the quadratic equation has "= 0" on the right-hand side, otherwise it needs rearranging
first
= Always look forhow the question wants you to leave your final answers
= forexample, correctto 2 decimal places
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@ Worked example /

Your notes
Use the quadratic formula to find the solutions of the equation 3x2-2x-4=0.

Give each solution as an exact value inits simplest form.

Write down the values of a,band ¢

a=3,b=-2,c=-4

—-b+./b?—-4ac

2a

Substitute these valuesinto the quadratic formula, X =

Put brackets around any negative numbers

_—(=2)£/(=2)>-4x3x(-4)

. 2x3
Simplify the expressions
2% /4+48  2%./52
X= 6 =
Simplify the surd
2+ /4%X13  2%2,/13
X= —_ —_
6 6
Simplify the fraction
1+,/13
X —
3
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Completing the Square

Completing the Square

How canlrewrite the first two terms of a quadratic expression as the difference of two
squares?

» Look at the quadratic expression x? + bx + ¢
= The first two terms can be written as the difference of two squares using the following rule

x2 + bx isthe same as (X +p)2 —p2 where p is half of b

= Checkthisis true by expanding the right-hand side
= Isx2+2X thesameas (X + 1)2 - 122
n Yes:(x+1)(x+1)-12=x2+2x+1-1=x%+2x
= This works for negative values of b too
» X2 — 20X canbe written as (X - 10)2 - (— 10)2 whichis (X - 10)2 -100

= Anegative bdoesnot change the signatthe end

How do |l complete the square?

= Completing the square is a way to rewrite a quadratic expressionin a form containing a squared-
bracket
» Tocomplete the square onx?+10x+9
= Use the rule above to replace the first two terms, x2 + 10x, with (x + 5) - 52
= add9: (x+5)?-5%+9
= simplify the numbers: (x+5)?-25+9
= answer: (x+5)2-16

How do | complete the square when there is a coefficient in front of the x2 term?

= You firstneed to take & out as afactor of the x2 and x terms only

« ax’+bx+c=a

b
x2+—x|+c
a

= Use square-shaped brackets here to avoid confusion with curly brackets later

b

= Thencomplete the square on the bit inside the square-brackets: x2+ ;X

= This gives a[(x +p)2 —pz] +c
b

= where pis half of ;
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= Finally multiply this expression by the a outside the square-brackets and add the c
- alx+p)-ap’+c
= Thislooks farmore complicated thanitisin practice!
= Usually you are asked to give your final answer in the form a(x +p)2 +q
= Forquadratics like —-x2+ bx + C,dothe above witha = -1

NO NEED TO
e.g. y=4x*+16x+5 INVOLVE *c®
STEP 4: FACTOR "a" ON RHS y=4[x*+4x]+5
STEP 2: WORKING WITH [x*+4x] ONLY, ‘p=3-
STEP 3: STILL WITH [x*+4x] ONLY, "q=c—p?"

q=0-2’=-4

STEP 4: EXPAND AND SIMPLIFY y=4[(x+2)-41+5
y=4(x+2)-16+5
y =4(x+2F =1

#Fsavemyexams

How do | find the turning point by completing the square?

= Completing the square helps us find the turning point on a quadratic graph
. fy= (X +p)2 + g thenthe turning point s at (—p,q)
= Notice the negative signin the x-coordinate
= Thislinks to transformations of graphs (translating Yy = X2 by p to theleftand qup)
. fy= a(X +p)2 + @ thenthe turning point is still at (—p,q)
= |t'sataminimum pointifa> 0
= [t'satamaximum pointifa<O
= |tcanalso help you create the equation of a quadratic when given the turning point
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TURNING POINT WILL HAVE Your notes
Y/ COORDINATES (—p,q) — THIS
APPLIES WHETHER IT'S A
MAXIMUM OR MINIMUM

#Fsavemyexams

= |tcanalsobeusedtoprove and/or show results using the fact that any "squared term", i.e. the bracket
(x+p)?, will always be greater than or equal to O
= Youcannot square anumber and get a negative value

e.d. ¥=X*4+6x—3

=(x+ o
plahsl e A SQUARED TERM
oy —12 WILL HAVE A MINIMUM
VALUE OF O
#)save myexams

O Exam Tip

= Toknow if you have completed the square correctly, expand your answer to check.
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@ Worked example ,

Your notes
(a) By completing the square, find the coordinates of the turning point on the graph of

y=x2+6x-11.

Find half of +6 (call this p)

Write x2 + 6xin the form (x + p)2 - p2
X2+ 6Xisthesame as (X + 3)2 - 32
Put this result into the equation of the curve
y=(x+3)2-32-11
Simplify the numbers
y=(x+3)2-20
Use that the turning point of y = (x+ p)2 + gisat (—p, q)

p=3andq=-20
turning point at (-3, -20)

®)  write =3x2 + 12x + 24 inthe form a(x +p)2 +q

Factorise -3 out of the first two terms only
Use square-shaped brackets

—-3[x2—4x]+24

Complete the square on the x2 - 4x inside the brackets (write in the form (x + p)? - p2where p is
half of -4)
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-3[(x—2)2—(-2)2]+24 ﬁf

Your notes

Simplify the numbersinside the brackets
(-2)2is 4

-3[(x—2)2-4]+24
Multiply -3 by all the terms inside the square-shaped brackets
-3(x—2)2+12+24
Simplify the numbers
-3(x—2)2+36

Thisis nowinthe forma(x+p)%2+qwherea=-3,p=-2andg=36

-3(x—-2)2+36
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Solving by Completing the Square
How do | solve a quadratic equation by completing the square?

= Tosolvex?+bx+c=0
= replace the first two terms, x2 + bx, with (x + p)2 - p2 where p is half of b

= thisis called completing the square
» x2+bx+c=0becomes
= (x+p)2-p2+c=0wherepishalfofb
= rearrange this equation to make x the subject (using +v)
= Forexample, solve x2 +10x + 9 = 0 by completing the square
= x2+10xbecomes (x+5)?-52
= 50x2+10x+9=0becomes(x+5)2-52+9=0
= make x the subject (using +V)
" (x+5)2-25+9=0
= (x+5)2=16
= x+5=%/16
m x=%+4-5
= x=-lorx =-9
= Ifthe equationis ax?+ bx + ¢ = O with a numberin front of x2, then divide both sides by a first, before

completing the square
How does completing the square link to the quadratic formula?

*» The quadratic formula actually comes from completing the square to solve ax? + bx+c = 0
= a,bandcareleftasletters, tobe as general as possible
= You cansee hints of this when you solve quadratics

= Forexample, solvingx?+10x+9=0
= by completing the square, (x + 5)2 =16sox =+4-5(fromabove)

-10+./64 5+§
2 )

= bythe quadratic formula, X = =+4-5(the same structure)

O Exam Tip
= When making x the subject to find the solutions at the end, don't expand the squared brackets

back out again!
= Rememberto use +Vto get two solutions
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@ Worked example
Solve2x?2—8x—24=0 by completing the square

Divide both sides by 2 to make the quadratic start with x2
x2=4x-12=0

Halve the middle number, -4,to get -2
Replace the first two terms, x2 - 4x, with (x - 2)2 - (-2)2

(x=2)2-(-2)2-12=0
Simplify the numbers

(x=2)2-4-12=0
(x=2)2-16=0

Add 16 to both sides
(x—2)2=16

Squareroot both sides
Include the £ signto get two solutions

x—2=%,/16= %4

Add 2 to bothsides

x=4+2
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Work out each solution separately /

x=6orx=-2 Your notes
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Quadratic Equation Methods

Quadratic Equation Methods

If you have to solve a quadratic equation but are not told which method to use, here is a guide as to what to
do

When should | solve by factorisation?

= Whenthe question asks to solve by factorisation
= Forexample, part(a) Factorise 6x2 + 7x - 3, part (b) Solve éx2+7x-3=0
= When solving two-term quadratic equations
= Forexample, solvex?-4x=0
= by taking outacommon factor of xto getx(x-4)=0
= ..givingx=0andx=4
= Forexample, solvex?2-9=0
= _.usingthe difference of two squares to factoriseitas (x + 3)(x- 3)=0
= .givingx=-3andx=3
= (Orbyrearrangingtox?=9 andusing +Vto getx = = +3)

When should | use the quadratic formula?

= Whenthe question says to leave solutions correct to a given accuracy (2 decimal places, 3 significant
figures etc)
= When the quadratic formula may be faster than factorising
» |t's quicker to solve 36x2 +33x-20=0 using the quadratic formula then by factorisation
= Ifindoubt, use the quadratic formula - it always works

When should | solve by completing the square?

= When part (a) of a question says to complete the square and part (b) says to use part (a) to solve the
equation
= When making x the subject of harder formulae containing x* and x terms
= Forexample, make x the subject of the formulax? + 6x =y
» Complete the square: (x+3)?-9 =y
* Add9tobothsides: (x+3)?=y+9

= Takesquarerootsanduse+: X+3=+./y+9

= Subtract3: x=—3+,/y+9
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O Exam Tip /

. . . Your notes
= Calculators can solve quadratic equations so use them to check your solutions

= |f the solutions on your calculator are whole numbers or fractions (with no square roots), this
means the quadratic equation does factorise
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@ Worked example

(a)

(b)

Solvex2—T7x+2= 0, giving your answers correct to 2 decimal places

“Correct to 2 decimal places” suggests using the quadratic formula
Substitutea=1,b =-7and c =2into the formula, putting brackets around any negative numbers

(=71 £y (=72-4x1x2
T 2x1

Use a calculator to find each solution
x=6.70156..0r0.2984...

Roundyour final answers to 2 decimal places

x=6.700rx=0.30

Solve 16x2—82x+45=0

Method1

If you cannot spot the factorisation, use the quadratic formula

Substitutea=16,b =-82 and c = 45 into the formula, putting brackets around any negative
numbers

_ —(-82)+/(-82)2-4x 16x45
- 2% 16

X

Use a calculator to find each solution

0| W

Method 2
If you do spot the factorisation, (2x - 9)(8x - 5), then use that method instead

(2x-9)(8x—5)=0
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Set the first bracket equal to zero

Add 9 to both sides then divide by 2

Set the second bracket equal to zero

Add 5 to both sides then divide by 8

By writing X2 + 6X + 5 inthe form (X +p)2 + g, solve x2+6x+5=0

2x—9=0

\)
>
I
oo P

8x—5=0

)
e
Il
o|wn

This question wants you to complete the square first

Find p (by halving the middle number)
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Write x2 + 6x as (x + p)2 - p2

x2+6x=(x+3)2-32
=(x+3)2-9

Replace x2 + 6x with (x + 3)2 - 9 in the equation

(x+3)2-9+5=0
(x+3)2-4=0

Make x the subject of the equation (start by adding 4 to both sides)
(x+3)2=4
Take square roots of both sides (include a £ sign to get both solutions)
x+3=1+/4=1+2
Subtract 3 from both sides
x=2-3

Find each solution separately using + first, then - second
X=- 5, x=-1

Even though the quadratic factorises to (x + 5)(x + 1), this is not the method asked forin the
question
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