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8.2.1Argand Diagrams - Basics /

Your notes

Argand Diagrams - Basics

What is an Argand diagram?

= AnArgand diagramis a geometrical way to represent complex numbers as either a point or a vectorin
two-dimensional space
= We canrepresent the complexnumber X + _y1 by the point with cartesian coordinate (X, y)
= Thereal componentisrepresented by points on the x-axis, called the real axis, Re
= Theimaginary componentis represented by points on the y-axis, called the imaginary axis, Im

REPRESENTING AS A POINT 4 AIm
4 + 2i REPRESENTED BY (4, 2)
4 + 2i
—3 — 3i REPRESENTED BY (-3, -3) 2 X
2 REPRESENTED BY (2,0) 1xi
2+0i Re
i REPRESENTED BY (0,1 — ; " — et ;
—4 -3 -2 —440 1.2 3 4
_2 ]
-3-3i
X -3 1
—4i]
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4

REPRESENTING IN POSITION ANIm Your notes
VECTOR FORM

Z,=3+2i 27
Z,= -2 — 4i Z
Re
T
-2 0 3
Z,

IN' A SKETCH YOU ONLY
SHOW THE KEY POINTS -4}
ON THE AXES!

= Youmay be asked to show roots of an equationin an Argand diagram
= First solve the equation
= Draw a quick sketch, only adding essentialinformation to the axes
= Plotthe points and label clearly

How can | use an Argand diagram to visualise |z; + z,| and |z, - z,|?

= Plottwo complexnumbersz;and z,

= Draw aline from the origin to each complex number

= Formaparallelogramusing the two lines as two adjacent sides

= The modulus of their sum |z, + z,| will be the length of the diagonal of the parallelogram starting at the
origin

= The modulus of their difference | z; - z,| will be the length of the diagonal between the two complex
numbers
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POSITION VECTOR Z,

é’/@Posmow VECTOR Z,

~,

Z,

Re
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@ Worked example

21:2+2é and 22:3—41'

@ (a) Show the complex numbers z and z,as points on an Argand diagram.

(b) On the Argand diagram below two points, A and B, have been plotted.
State the complex numbers represented by points A and B.

Im

24 =2+ 25 z2,=3—4j

&) ' m
2 = % Z4
0 2 3 Re
—44 xZ2
SHOWN AS POINTS
b) A=-2—j

B=1+3i

O Examiner Tip

= When settingup an Argand diagram you do not need to draw a fully scaled axes, you only need the
essentialinformation for the points you want to show, this will save a lot of time.
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8.2.2 Geometry of Complex Addition, Subtraction & Conjugation

Geometry of Complex Addition, Subtraction & Conjugation
What does addition look like on an Argand diagram?

= The addition of complex numbers can be shown by the addition of corresponding column vectors
- lfz = a+ bi and Z, = c+ di, then z, + z,= (a+ bi) +(c+ di)

= Thiscanbe written as
(a\ (c\ (a+c\
+ =

\b) \d) \b+d)

= Analternative is to write (a + bi) + (C + di) as (a + C) + (b + d)i, adding the respective real
andimaginary parts separately

. X
= Acomplexnumber X + Y1canberepresented by the position vector (

\y/
What does subtractionlook like on an Argand diagram?

= Aswith addition we can use knowledge of vectors to represent subtraction of complex numbers
- Ifz =a+biandz, = c+dithenz, — z,=(a+ bi) - (c+ di)

(4)-(¢)=("=¢)

= Thiscanbe written as
\b) \d) \b—-d)

= Analternative is to write (a + bi) - (C + di) as (a - C) + (b - d)i, subtracting the respective
real andimaginary parts separately

What are the geometric representations of complex addition and subtraction?

= |etwbe agivencomplex numberwithreal part a andimaginary partb
« W= a+ bi
= |etzbeany complex numberrepresented onanArgand diagram

a
= Addingwtozresultsinzbeing translated by vector ( 1

\0)
—a
= Subtracting w from zresultsinzbeing translated by vector b
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Im(z)
zZ+w

TRANSLATION
BY VECTOR

H

Re(z)

ADDITION OF w =a + bi

Im(z)

TRANSLATION
BY VECTOR

SUBTRACTION BY w =a+ bi

What is the geometric representation of complex conjugation?

If we plot complex conjugate pairs on an Argand diagram, we notice the points are reflections of each

otherin the real axis

Letzbe any complexnumberrepresented on an Argand diagram
Complex conjugating zresults in zbeing reflected in the real axis

Im(z) N\
//"‘
//’ REFLECTION IN THE
e REAL AXIS
//
,/
Re(z)
\\
\\
\)(Z-'I
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@ Worked example

9 zl=2+25and22=3—4i
. (a) Show the complex numbers zZ, and z,as position vectors
on an Argand diagram
(b) Work out the values of z, + z, and z, —z, and plot these
complex numbers on the same diagram as in part (a)
(c) Explain, in relation to the complex numbers z and z, what
geometrical effect has occurred when we plot their conjugates
Zq=2+2i; 22:3_4-]
a) I'm
Zy — Z3 x 6 -
2 -
Z4q
-1 0 23 5 Re
-2 x Zqg t Zo
. Zy
Sy
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zq4 + 25 Zqg— Z2
(2 + 20+ (3 - 41) (2+ 21 - (3 - 40)
GROUP BY Re AND Im PARTS

(2+3)+(2—-4N% (2-3)+(2 - —4)
(5) + (=2) (=1 + (B)i
5-2i -1+ 6i

POINTS SHOWN IN DIAGRAM ABOVE

zy AND z, ARE REFLECTED IN THE REAL AXIS

O ExaminerTip

Read questions carefully; isit asking to plot the complex number as a point or as a vector?

Be extra careful whenrepresenting subtraction geometrically, remember that the solution willbe a

translation of the shorter diagonal of the parallelogram made up by the two vectors.
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8.2.3 Modulus & Argument

Modulus & Argument
How do | find the modulus of a complex number?

= The modulus of acomplex numberisits distance from the origin when plotted on an Argand diagram
= The modulus of Ziswritten |Z|
w fz=x+ iy, then we can use Pythagoras to show...
lzl=/x2+
= Amodulusis always positive

= themodulusisrelated to the complex conjugate by...
« 22" =27"z=|z|?
= Thisisbecause zz* = (x +iy)(x —iy) = x2 + y2

. + = +
Ingeneral, |Z1 22| |ZI| |ZZ|

= eg.bothz = 3+4iand z,= = 3 + 41 have amodulus of 5, but Z, + Z,, simplifies to 81

which has amodulus of 8

Im

=

12| =x2+y2
—
MODULUS OF Z

How do | find the argument of a complex number?

= The argument of acomplex numberis the anti-clockwise angle that it makes when starting at the
positive real axis on an Argand diagram
= Arguments are measured inradians

= Sometimesthese canbe given exactinterms of T
= Theargumentof Ziswrittenarg z
= Arguments can be calculated usingright-angled trigonometry
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= Thisinvolves using the tanratio plus a sketch to decide whetheritis positive/negative and /

acute/obtuse

= Argumentsareusually givenintherange =TT < arg z < T

Your notes

= Negative arguments are for complex numbersin the third and fourth quadrants

= QOccasionally you could be asked to give arguments in the range 0< arg z< 21

= The argument of zero, arg 0 isundefined (no angle canbe drawn)

POSITIVE
ARGUMENTS

NEGATIVE
ARGUMENTS

Im 2 Im
Z
arg z
Worgz
Re Re
eg.argz = = eg. ar Z‘E
g. arg =6 g.argz = 6
Im Im
argz Re Jarg z Re
Z Z
eg.argz=—% eg.ul-gz=_5?fJT
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@ Worked example

(a) Find the modulus and argumentof z = 2 + 3i

® (b) Find the modulus and argumentof w =— 1 — \Ei

a) DRAW A SKETCH TO HELP

['m

31 HELPFUL TO USE 6 HERE

2 Re

USING PYTHAGORAS

|zl = N2Z+37 = (=13

= 3.6055...
USING TRIGONOMETRY
tang = %
6= tan ! (%)
= 0.982709...

|z| = A13' =3.61 TO 3sf AND argz = 0.983 RADIANS TO 3sf
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b) I'm ,

Your notes

ARG W WILL HAVE
A NEGATIVE VALUE

HELPFUL TO USE 6 HERE,
EVEN THOUGH 6 # ARG W

Wl = =12+ (-3 (=)

=2
tang= I3
ang = ’l
6= tan™" ('\]?)
_ I
3
NEED OBTUSE ANGLE
g I _ 27
3 3
IW|=2 ARG W = —2?5” = -2.09 TO 3sf

© ExaminerTip

= Give non-exact argumentsinradians to 3 significant figures.
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Modulus-Argument (Polar) Form

The complexnumberZz= X + iy is said to be in Cartesian form. There are, however, other ways to write a

complexnumber, such as in modulus-argument (polar) form.

How do | write a complex number in modulus-argument (polar) form?

The Cartesian form of acomplexnumber, Z= X + iy, iswrittenin terms of itsreal part, X, and its

imaginary part, Y

Ifwelet r= | Z| and 0= arg Zz,thenitis possible to write acomplex number in terms of its modulus, I

,andits argument, 0, called the modulus-argument (polar) form, given by...
« z=r{cos O+ isin 6)
Itis usual to give argumentsintherange— T < 0 < T

= Negative arguments should be shownclearly,e.g. Z= Z(COS (— —\ + 1sin ( —“Wlthout

\ 3) 3))
simplifying COS( - —) to either COS( \ 1
\3/)%2
= Occasionally you could be asked to give argumentsintherange 0 < 0<2m
If acomplexnumberis givenin the form Z= I(COS 60— isin 9), thenitis not currently in modulus-
argument (polar) form due to the minus sign, but can be converted as follows...
= By considering transformations of trigonometric functions, we see that —sinf = sin(— 9) and
cosO=cos(— 0)
= Therefore Z= 1(0089 - iSine) canbewrittenas Z= I(COS(— 0) + isin(— 9)) now inthe

correct formandindicating an argument of — 0
To convert from modulus-argument (polar) form back to Cartesian form, evaluate the real and
imaginary parts

1 3
" E.g.Z=2(COS(—?7T)+iSin( 3 )) becomes Z= 2(2 +1(-§))— 1 —ﬁi
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Im

Y hemmm e e - — F=|Z|
O=argz

Re

cos@=%¢x=rcose
. V4 .
sm8=? = y=rsind®
SN ZE=x+iy = Z=rcosP +irsind®

Z =rlcosd +isinO)

MODULUS — ARGUMENT (POLAR) FORM

What are the rules for moduli and arguments under multiplication and division?

= Whentwo complexnumbers, Z. and Z_, are multiplied to give Z

) 5 IZZ’ theirmodauli are also multiplied

lez|= |le|22|

VA
1
= Whentwo complexnumbers, Z1 and Zz,are divided to give —, their moduli are also divided
2
z | |le
z, |ZZ|

= \Whentwo complexnumbers, Z andZz,aremultipliedtogiveZ Z2,theirargumentsareadded

1
- arg (Z1 ZZ) =arg z +arg z,

1

zZ
1
= Whentwo complex numbers, Z1 and ZZ’ are divided to give —, theirarguments are subtracted
2
Zl
- arg| - |Sargz —arg z,
2
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How do I multiply complex numbers in modulus-argument (polar) form? /

= The main benefit of writing complex numbers in modulus-argument (polar) formis that they multiply

Your notes
and divide very easily (often quicker than when in Cartesian form)

= To multiply two complex numbers, Z1 and Zz, in modulus-argument (polar) form we use the rules from

above to multiply their moduli and add their arguments
72| = 7|2

= arg (z )=arg Z, +arg z,

1%
= Soifz, =T, (COS 91 + isin 91) and Z, = I‘Z(COS 92 + isin 92) thenthe rules above give...

z,z,= rlrz(cos (01 + 92) + isin (01 + 02))

= Sometimes the new argument, 91 + 92,does notlieintherange — T < 0 < mor

0 < 0 < 27 ifthisisbeing used)

= Anout-of-range argument can be adjusted by either adding or subtracting 2 TT

g 21 9 T 90 +0 FAL
" = — = — + = —
E.g.If 1 3 and ) 7 then 1 5 6
m ST
= Thisis currently notintherange, butby subtractingZ‘lT, from ? togive — ? ,anew
argumentis formed that lies in the correct range and represents the same angle on an Argand

diagram
= Therules of multiplying the moduli and adding the arguments can also be applied when...

= _.multiplying three complex numbers together, Z1 ZZZ3 ,ormore

= _finding powers of acomplex number(e.g. Z2 canbe written as ZZ)
= Whilst not examinable, the rules for multiplication can be proved algebraically by multiplying
z = I‘I(COS 91 + isin 91) by z,= I‘z(COS 92 + isin 92) , expanding the brackets and using
compound angle formulae

How do | divide complex numbers in modulus-argument (polar) form?

= Todivide two complexnumbers, Z and Z_ in modulus-argument (polar) form, we use the rules from

1 2
above to divide their moduli and subtract their arguments
&) Al
. EARNEA
Zl
= arg 2_2 =arg z —arg z,

= Soif Z/ =T, (COS 91 + isin 91) and z,= I‘Z(COS 92 + isin 92) thenthe rules above give...
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. R (cos (0, = 0,)+isin (6, = 0,)) /

V4 r Your notes
2 2
= Aswith multiplication, sometimes the new argument, 91 - Qz,can lie out of therange

— 7 < 0 < M(ortherange 0 < 0 < 2 mifthisis being used)
= Youcanadd orsubtract 2 TT to bring out-of-range arguments backin range
= Whilst not examinable, the rules for division can be proved algebraically by dividing
7z = rl(cos 0, +isin 01) oy z, = rz(cos 0, +isin 02) using complex division and
compound angle formulae
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@ Worked example

s ™ e T
o Letz, = —4 +4iand z, = V8 (cos (—;) +isin (—5)).
(a) Write z, in the form r(cos 8 + isin @), where r and 4 are exact

(b)Find z, z,, giving your answer in the form r(cos @ + isin 8) where

0<6<2m

(c) Find 2—1 , giving your answer in the form r(cos 8 + isin 8) where

—-n<f<Tm
a) zg=—4+4;
SKETCH TO HELP
I m
14
DY
-4 Re

FIND |z, BY PYTHAGORAS

|24l = —aP+ 421 (=432
= 442" |THIS IST
FIND ARG z4 USING TRIGONOMETRY:

T tand. i
| @ . =t ()
e

—4—> 4
-
A
_ ar 33T:|
argz=J - — = 24
g 2 n THIS IS 6

WRITE IN MODULUS — ARGUMENT FORM:
z, = 442" (cos 3731— + isin 375”—)
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b) z,= 442" (cos 373]— + isin 3TST)&—E:USING PART?‘ /
Your notes
z,= 8" (cos (f %) + isin (— %))

MULTIPLY THE MODULI:| 24 zy| = |24 2]

= T < AT
= 16
ADD THE ARGUMENTS: arg(z4z5) = drgz,4 + argz,
_ 3T . (_ i)
4 2
Check range in question|  4qr IN
0< B<2TT T4 RANGE
ar .
21z, =16 (cos Y + isin %)
c) DIVIDE THE MODULI: |21 | = | 2L
Z Zy
442
£
=2
z
SUBTRACT THE ARGUMENTS: arg (Z—;) =argzq — Argz,
3 _ (_l)
4 2
CHECK RANGE IN QUESTION 597
—J< B I =72 X
NOT IN RANGE, SO 597 Y _ 3T \/lN
TRY SUB TRACTING 27| 4 4 RANGE

2 _ 3, (o3
% —2(cos( 4)+lsm( T))
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O Examiner Tip /

Your notes
The rules for multiplying and dividing in modulus-argument (polar) form must be learnt (they are
not givenin the formula booklet).

Remember to add or subtract 2 TT to any out-of-range arguments to bring them back inrange.

= |faquestiondoes not give a clearrange forarguments, thenboth — 7T < 0 < mor
0 < 6 < 27 wouldbe accepted.
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8.2.4 Lociin Argand Diagrams

Lociin Argand Diagrams
How do I sketchthelocusof Re Z= korIm Z= Kkonan Argand diagram?

= Allcomplexnumbers, Z= X + iy, that satisfy the equation Re z= kie on avertical line with
Cartesianequation X = k
= Any complexnumber along this vertical line will have areal part of k
= Allcomplexnumbers, Z= X + iy, that satisfy the equation Im z= k lie on a horizontal line with
Cartesianequation y = k

= Any complex number along this horizontal line will have animaginary part of k

* E.g.ThelociRe z= 4andIm z= —3 are represented by the verticalline X = 4 andthe
horizontalline y = —3
Im ReZ=4
4 Re
-3 ImZ = -3

Sketchingthelociof Re Z=4andIm z= —3

How do | sketch the locus of | Z— al = Konan Argand diagram?

= Allcomplexnumbers, Z, that satisfy the equation |Z| = klieonacircleofradiuskabouttheorigin

= E.g.thelocus of |Z| = 10 isacircle of radius 10, centred at the origin, as every complex number
onthat circle has amodulus of 10

= Foragivencomplexnumber, &, all complex numbers, Z, that satisfy the equation |Z - a| = kilie
onacircle of radius K about the centre &

= Thisisbecause |Z - a| represents the distance between complexnumbers Zand 4
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= E.g.thelocus of |Z— (3 + 4i) | = 10isacircle of radius 10 about (3 + 4i)
= Many equations need to be adjusted algebraically into the correct |Z - a| form
= E.g.tofindthe centre of the circle IZ— 81+3 I = 12, firstrewrite it as IZ— (—3 + 8i)| =12,
givingthe centreas —3 + 81
= E.g.tofindthe centre of the circle |Z+ il =2 firstrewriteitas |Z— (—i) | =72  givingthe

centre as (—i)
= Note that the centre of the circle IZI = 5isthe origin (it can be thought of as |Z— OI =)5)
= |norderto sketch correctly, check whether the origin lies outside, on orinside the circle
= E.g.forthelocus of |Z— (3 + 4i) | = 10, the distance from the centre of the circle, 3 + 41, to
the originis 5 (by Pythagoras), which is less than the radius of 10; a sketch must therefore show the

origininside the circle
= Byknowing the radius and centre of a circle, the Cartesian equation of the circle can be found

= Thecircle |Z— (3 + 4i) | = 10 has aradius of 10 and centre of (3, 4) in coordinates, so the
equationof thecircleis (x — 3)2 + (y —4)2=100

Im |Z - (3+41)=10

10 IS THE
RADIUS OF
THE CIRCLE

0 z1=10

-10

10 Re 3 Re

3+ 41 1S THE
. CENTRE OF
—10 THE CIRCLE

CHECK ORIGIN
e LIES INSIDE
THE CIRCLE

Sketching the lociof |z| = 10and |z — (3 + 4i)| =10

How do | sketch the locus of |Z— a| = |Z - bl on an Argand diagram?

= Fortwo given complexnumbers, & and b, allcomplexnumbers, Z, that satisfy the equation
|Z— a| = |Z— bl lie on the perpendicular bisector of a2 and b
= Thisisbecause the distance from Zto 4 must equal the distance from Zto b
= aconditionthatis satisfied by all the complex numbers, Z, on the perpendicular bisector of 4

and b
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= E.g.thelocusof |z—3 +2i| = | z+ 8| canbe rewrittenas | z— (3- Zi)l =|z— (—8)|
which s the perpendicular bisector of the points 3 — 2iand —8

= Asketch of the perpendicular bisectoris sufficient, without finding its exact equation (though this
could be found using coordinate geometry methods)

ALL POINTS ARE AN
EQUAL DISTANCE

BSVERL TRV FROM i AND 3i

PERPENDICULAR
BISECTOR OF
Ja MBI Im Z-il=IZ -3
I AL
A:‘-::‘\\\2 ) ::'\” 75

Im

1Z - (3 =20 =|Z (-8

Sketching the loci of IZ—iI = |Z— 3i|and|Z— (3 —2i)| = |Z— (—8)|

How do I sketch the locus of AI'g (Z— 8) = @ onanArgand diagram?

= Allcomplexnumbers, Z, that satisfy the equation arg Z =  lie on a half-line from the origin at an

angle of & to the positive real axis
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= Although the half-line starts at the origin, the originitself (Z = 0)does not satisfy the equation
arg Zz= Q asarg 0 is undefined (there is no angle at the origin)

= Toshowthe exclusionof Z = 0 fromthe locus of arg Z= a, asmallopencircle at the originis
used

Tt Tt
= E.g.thelocusofarg z = Z is a half-line of angle Z to the positive real axis, starting from the

origin, with an open circle at the origin
Foragiven complexnumber, &, all complexnumbers, Z, that satisfy the equationarg (Z— a) = lie
on a half-line from the point & at an angle of ! to the positive real axis, with an open circle to show the

exclusionof Z = a

N 2T ) 2m
= E.g.thelocus of arg (z—1-50)= T canbe rewritten as arg (z—(1451) = T,which isa

I . .
half-line of angle T measured from the point 1 + 51, withan opencircle at 1 + 51 to showits

exclusion
In some cases, the equation of the half-line can be found using a sketch to help

s
= E.g.thelocusofarg z = ?isthe half-liney = xforx > 0

. I
= E.g.thelocusofarg (Z - (8 + 51) = - ? can be thought of, in coordinate geometry, as the half-
line through (8, 5)with gradient-1,givingy = —x+ 13 forx > 8
= Whilst not examinable, the half-line equation foramore generalangle, arg Z= o, is
, opposite
y= (tan a)xforx > (0,asthe gradient=———— =tan «a
adjacent
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OPEN CIRCLE, AS
arg O IS UNDEFINED

arglz = (1+5i) = 277
3 \

OPEN
CIRCLE

Re
T ay _ 2T
Sketching the lociof arg z = 4 and arg (z-(1+5i))= 3
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@ Worked example ,

Your notes

On separate axes, sketch the locus of points representing complex
? numbers, z, that satisfy the following equations:
(a)Imz =2
(b)|lz+5—12i| =8
(©|z—4il=|z+i—1]
(darg(z +1) =~

a) I m

imz=2 A HORIZONTAL LINE TROUGH
2 ON THE IMAGINARY AXIS

Re

b |z45-12i=8 NEED REARRENGING INTO THE FORM |z - al|
|z - (=5+120] =8 A CIRCLE OF RADIUS 8 WITH CENTRE -5 + 12]|

DISTANCE FROM CENTRE TO ORIGIN IS A[(_5)2 + 122 (= «Hsgl)

=13
CHECK IF ORIGIN
RADIUS IS 8<13 . ORIGIN OUTSIDE CIRCLE |5 NSIDE. ON. OR

OUTSIDE THE CIRCLE

|z - (-5+12i) =8  Im

NOTICE RADIUS OF 8 IS GREATER
THAN 5, SO CIRCLE OVELAPS HERE

Re
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c) |z-4il=|z +mNEED REARRANGING INTO |z —a| = |z - b|\
|z = 4i] = |z = (1= 0| |THE PERPENDICULAR BISECTOR OF 4i AND 1 - i

I'm
.4 /ESHOWING RIGHT ANGLE ON SKETCH|
V|z—4i| =lz-(1-1
\
\
VI
—14 3] Re
d arglz +f{=§@55[}s REARRANGING INTO THE FORM arg(z — a)
arg (z — () = —EQANGLE Is-ZL
3 3
I'm
arglz — (—i) = — 2~
o N G Re ([ ANGLE SHOWN
THE OPEN CIRCLE I e_/{e
X CLUDES & 3 CLEARLY ON DIAGRAM
(GIVING argd WHICH ARROWHEAD INDICATES HALF—
IS UNDEFINED) LINE CONTINUES THIS WAY

© ExaminerTip

= |nthe exam, do not worry about making your diagrams perfect.
= Aquick sketchwith all the key features is sufficient.
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8.2.5Inequalities & Regions in Argand Diagrams /

Your notes

Inequalities & Regions in Argand Diagrams
How do I sketchinequalities suchas Re Z< k or Im Z< k onan Argand diagram?

= Theinequality Re z <2 is satisfied by all complex numbers, Z= X + iy, with areal partless than 2
= OnanArganddiagram, this would be the region to the left of the vertical line X = 2
= Theverticallineitself, X = 2, should be drawn dotted to show that points on thisline are not
permitted due to the strictinequality (<)
= |ngeneral, dotted lines are used with strictinequalities ( < or > ) and solid lines are used with inequalities

that canbe equal (< or>)
= Hereishow torepresent the followinginequalities as regions on an Argand diagram...

» Re z< k:shadethe region to the left of the dotted vertical line (or solid vertical line for <)

= Re z> k:shadethe region to the right of the dotted vertical line (or solid vertical line for>)
= Similarly, hereis how to represent the following inequalities as regions on an Argand diagram...

» Im z<Kk:shadethe region below the dotted horizontal line (or solid horizontal line for <)

» Im z> k:shadethe region above the dotted horizontal line (or solid horizontal line for >)
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Rez>3 ,

Im \ Your notes
:
]
]
1
]
]
]
]
]
1
3 : Re
:
[}
Im

4 Im z2< 4

oy

Re

Sketching the inequalities Re >3 and Im z< 4

How do | sketchinequalities such as | Z—a | < Konan Argand diagram?

= Foragivencomplexnumber &, the inequality |Z— a| <k represents all complex numbers, Z, that lie

inside the circle of radius k', centred at 4
= Hereishow torepresent the followinginequalities as regions on an Argand diagram...

. |Z— a| < k:shade the region inside the circle of radius k, centred at a

u |Z— a| > k:shade the (unbounded) region outside circle of radius k, centred at
= Againuse adotted line for strictinequalities (< and >) and a solid line for weak inequalities (< or>)

Page 29 of 39

©2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

|Z|1<5

Im

\ |Z—(3 + 4i)>2

5 Re

Sketching the inequalities | z] < 5 and |z — 3+ 41)| >2

How do I sketchinequalities such as IZ - 3| < |Z - bl on an Argand diagram?

= Fortwo given complexnumbers @ and b, the inequality |Z— a| < |Z— bl represents all complex

numbers, Z, thatlie closerto a t

hanto b

= Hereishow torepresent the following inequalities as regions on an Argand diagram...

" IZ - a| < IZ - bl : shade the region on the side of the perpendicular bisector of 2 and b that

includes the point @

©2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers
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. IZ - a| > IZ - bl :shade the region on the side of the dotted perpendicular bisector of & and

b thatincludes the point b
= A goodwaytorememberwhich side to shadeis that the inequality sign points (like an arrow) to the side
tobe shaded

lz — 2[< 1z — 2il

THE INEQUALITY SIGN
LOOKS LIKE IT’S POINTING
TO |z = 2],SO THE SIDE
WITH z =2 |S SHADED

Im lz =il > |z =(3 + 4i)l

° THE INEQUALITY SIGN

LOOKS LIKE IT’S POINTING
TO |z —(3 + 4i)[, SO THE SIDE
WITH z =3 + 4i IS SHADED

Re

Sketching the inequalities |z — 2| < |z = 2i| and |z —i| 2 |z — 3+ 4l)|

How do I sketchinequalities suchas @ < arg (Z - a) < PonanArgand diagram?
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= Foragivencomplexnumber, 4, the inequality & < arg(z— 3) < ﬂ represents all complex numbers,

Z,thathave anargument between & and ﬂ as measured from the point &
= Hereishow torepresent the followinginequalities as regions on an Argand diagram...

s o< arg(z— a) < ﬁ: shade the wedge-shapedregion between the half-line arg(z— a) =a
andthe half-line arg(z— a) = ﬁ withanopencircleat Z = ato show the exclusion of this
point (to avoid the undefined value of arg 0)

NIE

O<arglz — (14 2i))1<

/ ANGLE OF %

Im

OPEN
CIRCLE 4

2 + TgeootTTE

| Re

r

Sketching the inequalities 0 < arg (Z - (1 + 21)) < 4

How do | draw multiple inequalities on the same Argand diagram?

= Tosketcharegionthat satisfies multiple inequalities, we need to find the intersection of all the regions
(where all regions overlap)

E.g.

E.g.

the region satisfied by 2 < |Z| <5 canbefound asfollows...

Using diagonal lines in the same direction, lightly shade the region |Z| > 72 (the outside of a
circle of radius 2 about the origin)

Using diagonal lines in a different direction, lightly shade the region IZI <5 (theinsideofa
circle of radius 5 about the origin)

Where the diagonal lines cross each other highlights the region satisfying both inequalities;
this should be shaded boldly

the region satisfied by |Z— il <|z=1|and0 < argz < T canbe found as follows...

Using diagonal lines in the same direction, lightly shade the region |Z— i| < |Z— 1| (the side

including Z= 1 fromthe perpendicularbisector of the pointsi and1)
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3m ,
Using diagonal lines in a different direction, lightly shade the region 0 < argz < —— (the
4 Your notes
3T
wedge-shapedregionfromO to T radians from the origin)

Where the diagonal lines cross each other highlights the region satisfying both inequalities;
this should be shaded boldly
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|Z|>2=\\\ OVERLAP
(2<|Z|<5):

|Z|<5:

z—il<iz—:\\\

< < =
O< arg?Z n

OVERLAP:
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3nt
4

on the right

How do I find the greatest (or least) values of |Z| or Aarg Zinaregion?

Every complexnumber, Z, that lies within aregion on an Argand diagram will have its own modulus, |Z|
that is measured from the origin
Forany shapedregion..
= Theleastvalue of |Z| is the distance from the origin to the nearest pointin the region
= The greatest value of |Z| is the distance from the origin to the farthest pointin the region
= Sometimestheleastvalueiszero (if the originis in the region) and/or the greatest value is infinite (if
theregionis unbounded)
For circularregions that do not contain the origin...
= Findthe length fromthe origin to the centre of the circle...
= thenaddaradiusforthe greatest value of |Z| or subtract aradius for the least value of |Z|
Every complexnumber, Z, that lies within a region on an Argand diagram will have its own argument,
arg Zz,asmeasured fromthe origin
Forany shapedregion..
= Theleastvalue ofisarg Zthe smallestangle aline through the origin can make to a pointinthe
region
= The greatestvalue of arg Zis thelargest angle a line through the origin can make to a pointinthe
region
For circularregions that do not contain the origin..
= Find 0, the argument of the centre...
= Find @, the angle between a tangent to the circle through the origin and the line from the origin to
the centre...
= This canbe done using trigonometry, as aradius meets a tangent atright angles

» Thegreatestvalueofarg Zis @ + ¢ andtheleastvalueofarg zis — «o
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4

GREATEST FTE%T_‘_EiT_ 2 Your notes
argz =0+a == _
Im

4 +

S—_(LEAST argz=6 - o|
T——(LEASTIzI=5-2=3]

3 3 Re

Find greatest and least values of IZ | andarg z
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@ Worked example

(a) On separate Argand diagrams, shade the region whose pointsrepresent
complex numbers z satisfying...
i. ..theinequality |z — 4 — 4i| < |z|
ii. ..bothinequalities |z +1 —i] < 1and —E <arg(z+2-1) Sg
(b) For complex numbers z satistying the inequality |z — 5i| < 2, find...
i. ..the greatest value of |z|

ii. ..the leastvalue ofargz

& {sREARRANGE INTO THE FORM|z — a|<|z - b]
() |z -4 - 4i|<|z|

a)
S{THIS IS LIKE |z — O]
|z = (4 + 40| < |-’-|RFJNEED PERPENDICULAR
BISECTOR OF 4 + 4i AND 0
I'm
DOTTED LINE :

FOR < INEQUALITY ; A .

Page 37 of 39

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

m REARRANGE INTO THE FORM |z — d|
(i) |z +1

—il< J ,

|z - (~1+i)] < 1 <——fo CIRCLE RADIUS 1 CENTRE —1+ |

Your notes
and
o - REARRANGE INTO THE FORM |z — d|
—— <garglz+2 - =
4 4 WEDGE REGION FROM =2 + i
T carglz — (-2 + N« T+ TBETWEEN +-2-
4 4 4
MUST EXCLUDE z=-2+i(TO AVOID ARG 0)
' m
DOTTED CIRCUMFERENCE

FOR < INEQUALITY
OPEN CIRCLE TO ,
EXCLUDE z: -2+ =
SOLID HALF—LINES
AT ANGLES + .

Re
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b) |z -5i|<2
CIRCLE RADIUS 2 CENTRE 5i
SKETCH TO HELP

['m

TANGENT AND RADIUS

MEET AT RIGHT ANGLES
GREATEST VALUE| 5 A/
OF |z| IS5+2 J \[LEAST VALUE OF argz
Re

(i) GREATEST VALUE OF |z| IS 7

(i) sind = % [USING TRIGONOMETRY
. = sin™? (i)
5
. 0.4115... ‘MEASURING THE ARGUMENT

-~ 0.4115... = 1.159...

LEAST VALUE OF ARGz IS 1.16 RADIANS TO 3sf

FROM THE POSITIVE REAL AXIS

O ExaminerTip

= Whenshading anunbounded regionin the exam, make sure you extend your shading outwards,
crossing any axes where necessary.

= When shading multiple inequalities to find acommonregion, lots of methods are accepted; these
include lightly shadingindividual regions to see where they overlap, or starting to shade along the

boundaries of individual regions to find the commonregion, or marking individual regions to find
the region with multiple marks, etc.
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