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8.2.1 Argand Diagrams - Basics

Argand Diagrams - Basics

What is an Argand diagram?

An Argand diagram is a geometrical way to represent complex numbers as either a point or a vector in

two-dimensional space

We can represent the complex number x+yi  by the point with cartesian coordinate (x, y)

The real component is represented by points on the x-axis, called the real axis, Re

The imaginary component is represented by points on the y-axis, called the imaginary axis, Im
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You may be asked to show roots of an equation in an Argand diagram

First solve the equation

Draw a quick sketch, only adding essential information to the axes

Plot the points and label clearly

How can I use an Argand diagram to visualise |z + z | and |z - z |?

Plot two complex numbers z and z

Draw a line from the origin to each complex number

Form a parallelogram using the two lines as two adjacent sides

The modulus of their sum |z + z | will be the length of the diagonal of the parallelogram starting at the

origin

The modulus of their difference |z - z | will be the length of the diagonal between the two complex

numbers

1 2 1 2

1 2

1 2

1 2
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Worked example

Examiner Tip

When setting up an Argand diagram you do not need to draw a fully scaled axes, you only need the

essential information for the points you want to show, this will save a lot of time.
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8.2.2 Geometry of Complex Addition, Subtraction & Conjugation

Geometry of Complex Addition, Subtraction & Conjugation

What does addition look like on an Argand diagram?

The addition of complex numbers can be shown by the addition of corresponding column vectors

If z1=a+bi and z2=c+di, then  z1+z2= ( )a+bi + ( )c+di
This can be written as

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

a
b +

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

c
d =

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

a+c
b+d

An alternative is to write ( )a+bi + (c+di)  as ( )a+c + (b+d)i , adding the respective real

and imaginary parts separately

A complex number x+yi  can be represented by the position vector 
⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

x
y

What does subtraction look like on an Argand diagram?

As with addition we can use knowledge of vectors to represent subtraction of complex numbers

If z1=a+bi  and z2=c+di, then z1−z2= ( )a+bi − ( )c+di
This can be written as

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

a
b −

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

c
d =

⎛
⎜
⎜

⎝

⎞
⎟
⎟

⎠

a−c
b−d

An alternative is to write ( )a+bi − (c+di)  as ( )a−c + (b−d)i , subtracting the respective

real and imaginary parts separately

What are the geometric representations of complex addition and subtraction?

Let w be a given complex number with real part a and imaginary part b

w = a + bi
Let z be any complex number represented on an Argand diagram

Adding w to z results in z being translated by vector 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

a
b

Subtracting w from z results in z being translated by vector 

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

−a
−b
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What is the geometric representation of complex conjugation?

If we plot complex conjugate pairs on an Argand diagram, we notice the points are reflections of each

other in the real axis

Let z be any complex number represented on an Argand diagram

Complex conjugating z results in z being reflected in the real axis
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Worked example
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Examiner Tip

Read questions carefully; is it asking to plot the complex number as a point or as a vector?

Be extra careful when representing subtraction geometrically, remember that the solution will be a

translation of the shorter diagonal of the parallelogram made up by the two vectors.
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8.2.3 Modulus & Argument

Modulus & Argument

How do I find the modulus of a complex number?

The modulus of a complex number is its distance from the origin when plotted on an Argand diagram

The modulus of z is written 








z
If z=x+ iy , then we can use Pythagoras to show…









z = x2+y2

A modulus is always positive

the modulus is related to the complex conjugate by…

zz*=z*z= 







z 2

This is because zz*= ( )x+ iy ( )x− iy =x2+y2

In general, 










z1+z2 ≠










z1 + |z2|
e.g. both z1=3+4i and z2=−3+4i  have a modulus of 5, but z1+z2  simplifies to 8i
 which has a modulus of 8

How do I find the argument of a complex number?

The argument of a complex number is the anti-clockwise angle that it makes when starting at the

positive real axis on an Argand diagram

Arguments are measured in radians

Sometimes these can be given exact in terms of π
The argument of z  is written arg z
Arguments can be calculated using right-angled trigonometry
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This involves using the tan ratio plus a sketch to decide whether it is positive/negative and

acute/obtuse

Arguments are usually given in the range −π < arg z ≤ π
Negative arguments are for complex numbers in the third and fourth quadrants

Occasionally you could be asked to give arguments in the range 0 ≤arg z<2π
The argument of zero, arg 0  is undefined (no angle can be drawn)
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Worked example
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Examiner Tip

Give non-exact arguments in radians to 3 significant figures.
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Modulus-Argument (Polar) Form

The complex number z=x+ iy  is said to be in Cartesian form. There are, however, other ways to write a

complex number, such as in modulus-argument (polar) form.

How do I write a complex number in modulus-argument (polar) form?

The Cartesian form of a complex number, z=x+ iy , is written in terms of its real part, x , and its

imaginary part, y
If we let r= |z|  and θ=arg z , then it is possible to write a complex number in terms of its modulus, r
, and its argument, θ , called the modulus-argument (polar) form, given by...

z= r ( )cos θ+ isin θ
It is usual to give arguments in the range −π < θ ≤ π

Negative arguments should be shown clearly, e.g. z=2⎛
⎜

⎝

⎞
⎟

⎠
cos ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 + isin ⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 without

simplifying cos(−
π
3 )   to either cos⎛

⎜

⎝

⎞
⎟

⎠

π
3  or 

1
2

Occasionally you could be asked to give arguments in the range 0 ≤ θ < 2π
If a complex number is given in the form z= r ( )cos θ− isin θ , then it is not currently in modulus-

argument (polar) form due to the minus sign, but can be converted as follows…

By considering transformations of trigonometric functions, we see that −sinθ≡sin(−θ)  and 

cosθ≡cos(−θ)

Therefore z= r ( )cosθ− isinθ  can be written as z= r ( )cos( )−θ + isin( )−θ , now in the

correct form and indicating an argument of −θ
To convert from modulus-argument (polar) form back to Cartesian form, evaluate the real and

imaginary parts

E.g. z=2⎛
⎜

⎝

⎞
⎟

⎠
cos⎛

⎜

⎝

⎞
⎟

⎠
−
π
3 + isin⎛

⎜

⎝

⎞
⎟

⎠
−
π
3  becomes z=2

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠

1
2 + i

⎛
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟

⎠
−

3
2 =1− 3 i
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What are the rules for moduli and arguments under multiplication and division?

When two complex numbers, z1  and z2 , are multiplied to give z1z2 , their moduli are also multiplied











z1z2 =










z1 |z2|

When two complex numbers, z1  and z2 , are divided to give 

z1
z2

, their moduli are also divided









z1
z2
=











z1










z2
When two complex numbers, z1  and z2 , are multiplied to give z1z2 , their arguments are added

arg
( )
z1z2 =arg z1+arg z2

When two complex numbers, z1and z2 , are divided to give 

z1
z2

, their arguments are subtracted

arg
⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

z1
z2

=arg z1−arg z2
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How do I multiply complex numbers in modulus-argument (polar) form?

The main benefit of writing complex numbers in modulus-argument (polar) form is that they multiply

and divide very easily (often quicker than when in Cartesian form)

To multiply two complex numbers, z1  and z2 , in modulus-argument (polar) form we use the rules from

above to multiply their moduli and add their arguments










z1z2 =










z1










z2
arg (z1z2)=arg z1+arg z2

So if z1= r1(cos θ1+ isin θ1)  and z2= r2(cos θ2+ isin θ2)  then the rules above give…

z1z2= r1r2( )
cos

( )
θ1+θ2 + isin

( )
θ1+θ2

Sometimes the new argument, θ1+θ2 , does not lie in the range −π < θ ≤ π  (or 

0 ≤ θ < 2π   if this is being used)

An out-of-range argument can be adjusted by either adding or subtracting 2π

E.g. If θ1=
2π
3  and θ2=

π
2   then  θ1+θ2 =

7π
6

This is currently not in the range , but by subtracting 2π  from 
7π
6  to give −

5π
6 , a new

argument is formed that lies in the correct range and represents the same angle on an Argand

diagram

The rules of multiplying the moduli and adding the arguments can also be applied when…

…multiplying three complex numbers together, z1z2z3 , or more

…finding powers of a complex number (e.g. z2  can be written as zz )

Whilst not examinable, the rules for multiplication can be proved algebraically by multiplying

z1= r1(cos θ1+ isin θ1)  by z2= r2(cos θ2+ isin θ2) , expanding the brackets and using

compound angle formulae

How do I divide complex numbers in modulus-argument (polar) form?

To divide two complex numbers, z1  and z2  in modulus-argument (polar) form, we use the rules from

above to divide their moduli and subtract their arguments









z1
z2

=











z1
|z2|

arg
⎛
⎜
⎜
⎜
⎜

⎝

⎞
⎟
⎟
⎟
⎟

⎠

z1
z2

=arg z1−arg z2

So if z1= r1(cos θ1+ isin θ1)  and z2= r2(cos θ2+ isin θ2)  then the rules above give…
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z1
z2
=

r1
r2

( )
cos

( )
θ1−θ2 + isin

( )
θ1−θ2

As with multiplication, sometimes the new argument, θ1−θ2 , can lie out of the range 

−π < θ ≤ π  (or the range 0 ≤ θ < 2π  if this is being used)

You can add or subtract 2π to bring out-of-range arguments back in range

Whilst not examinable, the rules for division can be proved algebraically by dividing

z1= r1(cos θ1+ isin θ1)  by z2= r2(cos θ2+ isin θ2) , using complex division and

compound angle formulae
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Worked example
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Examiner Tip

The rules for multiplying and dividing in modulus-argument (polar) form must be learnt (they are

not given in the formula booklet).

Remember to add or subtract   to any out-of-range arguments to bring them back in range.

If a question does not give a clear range for arguments, then both    or 

  would be accepted.
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8.2.4 Loci in Argand Diagrams

Loci in Argand Diagrams

How do I sketch the locus of Re z=k  or Im z=k  on an Argand diagram?

All complex numbers, z=x+ iy , that satisfy the equation Re z=k lie on a vertical line with

Cartesian equation x = k
Any complex number along this vertical line will have a real part of k

All complex numbers, z=x+ iy , that satisfy the equation Im z=k lie on a horizontal line with

Cartesian equation y = k
Any complex number along this horizontal line will have an imaginary part of k

E.g. The loci Re z=4 and Im z=−3  are represented by the vertical line x = 4  and the

horizontal line y = −3

Sketching the loci of  Re z = 4  and  Im z = − 3

How do I sketch the locus of 








z−a =k  on an Argand diagram?

All complex numbers, z , that satisfy the equation 








z = k lie on a circle of radiusk about the origin

E.g. the locus of 








z = 10 is a circle of radius 10, centred at the origin, as every complex number

on that circle has a modulus of 10

For a given complex number, a , all complex numbers, z , that satisfy the equation 








z − a = k lie

on a circle of radius k  about the centre a
This is because 









z − a represents the distance between complex numbers z  and a
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E.g. the locus of 








z− ( )3+4i =10 is a circle of radius 10 about (3+4i)

Many equations need to be adjusted algebraically into the correct 








z − a form

E.g. to find the centre of the circle 








z−8i+3 =12, first rewrite it as 








z− ( )−3+8i =12,

giving the centre as −3+8i
E.g. to find the centre of the circle 









z+ i =2, first rewrite it as 








z− ( )−i =2 , giving the

centre as  ( )−i
Note that the centre of the circle 









z = 5 is the origin (it can be thought of as 








z−0 =5 )

In order to sketch correctly, check whether the origin lies outside, on or inside the circle

E.g. for the locus of 








z− ( )3+4i =10, the distance from the centre of the circle, 3+4i , to

the origin is 5 (by Pythagoras), which is less than the radius of 10; a sketch must therefore show the

origin inside the circle

By knowing the radius and centre of a circle, the Cartesian equation of the circle can be found

The circle 








z− ( )3+4i =10 has a radius of 10 and centre of  (3, 4)  in coordinates, so the

equation of the circle is  ( )x−3 2+ ( )y−4 2=100

Sketching the loci of  



z 



= 10  and 




z− ( )3+ 4i 



= 10

How do I sketch the locus of 








z−a = |z−b| on an Argand diagram?

For two given complex numbers, a and b , all complex numbers, z , that satisfy the equation








z−a = |z−b|  lie on the perpendicular bisector of a  and b
This is because the distance from z to a  must equal the distance from z  to b

a condition that is satisfied by all the complex numbers, z , on the perpendicular bisector of a
and b
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E.g. the locus of 








z−3+2i = |z+8| can be rewritten as 








z− ( )3−2i = 







z− ( )−8
 which is the perpendicular bisector of the points 3−2i  and −8

A sketch of the perpendicular bisector is sufficient, without finding its exact equation (though this

could be found using coordinate geometry methods)

Sketching the loci of 



z − i 


=









z − 3i and 



z − ( )3− 2i 



=









z − ( )−8

How do I sketch the locus of arg (z−a) = α  on an Argand diagram?

All complex numbers, z , that satisfy the equation arg z=α lie on a half-line from the origin at an

angle of α  to the positive real axis
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Although the half-line starts at the origin, the origin itself (z = 0 ) does not satisfy the equation 

arg z=α as arg 0  is undefined (there is no angle at the origin)

To show the exclusion of z = 0 from the locus of arg z=α , a small open circle at the origin is

used

E.g. the locus of arg z = π

4
is a half-line of angle 

π

4
 to the positive real axis, starting from the

origin, with an open circle at the origin

For a given complex number, a , all complex numbers, z , that satisfy the equation arg (z−a)=α lie

on a half-line from the point a  at an angle of α  to the positive real axis, with an open circle to show the

exclusion of z = a

E.g. the locus of arg ( )z−1−5i =
2π
3

can be rewritten as arg ( )z− ( )1+5i =
2π
3

, which is a

half-line of angle 
2π
3

measured from the point 1+5i, with an open circle at 1+5i to show its

exclusion

In some cases, the equation of the half-line can be found using a sketch to help

E.g. the locus of arg z = π

4
is the half-line y = x  for x > 0

E.g. the locus of arg ( )z− (8+5i =− π
4

can be thought of, in coordinate geometry, as the half-

line through (8, 5) with gradient -1, giving y =−x+13  for x > 8
Whilst not examinable, the half-line equation for a more general angle, arg z=α , is 

y= ( )tan α x for x > 0 , as the gradient=
opposite
adjacent = tan α
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Sketching the loci of arg z =
π

4
and  arg (z − (1+ 5i) )=

2π

3
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Worked example
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Examiner Tip

In the exam, do not worry about making your diagrams perfect.

A quick sketch with all the key features is sufficient.
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8.2.5 Inequalities & Regions in Argand Diagrams

Inequalities & Regions in Argand Diagrams

How do I sketch inequalities such as Re z<k  or Im z<k  on an Argand diagram?

The inequality Re z<2  is satisfied by all complex numbers, z=x+ iy , with a real part less than 2

On an Argand diagram, this would be the region to the left of the vertical line x=2
The vertical line itself, x=2 , should be drawn dotted to show that points on this line are not

permitted due to the strict inequality (<)

In general, dotted lines are used with strict inequalities ( < or > ) and solid lines are used with inequalities

that can be equal ( ≤ or ≥ )

Here is how to represent the following inequalities as regions on an Argand diagram…

Re z<k : shade the region to the left of the dotted vertical line (or solid vertical line for ≤)

Re z>k : shade the region to the right of the dotted vertical line (or solid vertical line for ≥)

Similarly, here is how to represent the following inequalities as regions on an Argand diagram…

Im z<k : shade the region below the dotted horizontal line (or solid horizontal line for ≤)

Im z>k : shade the region above the dotted horizontal line (or solid horizontal line for ≥)
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Sketching the inequalities Re z > 3 and Im z ≤ 4

How do I sketch inequalities such as 








z−a <k  on an Argand diagram?

For a given complex number a , the inequality 








z−a <k represents all complex numbers, z , that lie

inside the circle of radius k , centred at a
Here is how to represent the following inequalities as regions on an Argand diagram…









z−a <k : shade the region inside the circle of radius k , centred at a








z−a >k : shade the (unbounded) region outside circle of radius k , centred at

Again use a dotted line for strict inequalities (< and >) and a solid line for weak inequalities ( ≤ or ≥ )
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Sketching the inequalities 



z 



≤ 5  and 




z − (3+ 4i) 



> 2

How do I sketch inequalities such as 



z− a 


 < |z− b|  on an Argand diagram?

For two given complex numbers a and b , the inequality 








z−a < |z−b| represents all complex

numbers, z , that lie closer to a  than to b
Here is how to represent the following inequalities as regions on an Argand diagram…




z−a 



< |z − b | : shade the region on the side of the perpendicular bisector of a  and b  that

includes the point a
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


z−a 



> |z − b | : shade the region on the side of the dotted perpendicular bisector of a  and

b  that includes the point b
A good way to remember which side to shade is that the inequality sign points (like an arrow) to the side

to be shaded

Sketching the inequalities 



z− 2 



<




z− 2i 


 and 




z− i 


≥ 



z− ( )3+ 4i 




How do I sketch inequalities such as α < arg (z− a) < β on an Argand diagram?
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For a given complex number, a , the inequality α<arg(z−a) <β represents all complex numbers,

z , that have an argument between α  and β , as measured from the point α
Here is how to represent the following inequalities as regions on an Argand diagram…

α<arg(z−a) <β : shade the wedge-shaped region between the half-line arg(z−a)=α
and the half-line arg(z−a)=β , with an open circle at z = a  to show the exclusion of this

point (to avoid the undefined value of arg 0 )

Sketching the inequalities 0< arg (z− (1+ 2i) ) <
π

4

How do I draw multiple inequalities on the same Argand diagram?

To sketch a region that satisfies multiple inequalities, we need to find the intersection of all the regions

(where all regions overlap)

E.g. the region satisfied by 2< 







z ≤5 can be found as follows…

Using diagonal lines in the same direction, lightly shade the region |z | >2 (the outside of a

circle of radius 2 about the origin)

Using diagonal lines in a different direction, lightly shade the region 








z ≤5 (the inside of a

circle of radius 5 about the origin)

Where the diagonal lines cross each other highlights the region satisfying both inequalities;

this should be shaded boldly

E.g. the region satisfied by 








z− i < |z−1| and 0≤argz≤
3π
4  can be found as follows…

Using diagonal lines in the same direction, lightly shade the region 








z− i < |z−1| (the side

including z= i  from the perpendicular bisector of the points i and 1)
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Using diagonal lines in a different direction, lightly shade the region 0≤argz≤
3π
4 (the

wedge-shaped region from 0 to 
3π
4  radians from the origin)

Where the diagonal lines cross each other highlights the region satisfying both inequalities;

this should be shaded boldly
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The inequalities 2< 


z 



≤ 5  on the left, the inequalities 




z− i 


<




z− 1 




 and  0≤ arg z <
3π

4
on the right

How do I find the greatest (or least) values of 


z



  or arg z in a region?

Every complex number, z , that lies within a region on an Argand diagram will have its own modulus, 








z ,

that is measured from the origin

For any shaped region…

The least value of |z| is the distance from the origin to the nearest point in the region

The greatest value of |z| is the distance from the origin to the farthest point in the region

Sometimes the least value is zero (if the origin is in the region) and/or the greatest value is infinite (if

the region is unbounded)

For circular regions that do not contain the origin…

Find the length from the origin to the centre of the circle…

then add a radius for the greatest value of |z| or subtract a radius for the least value of |z|
Every complex number, z , that lies within a region on an Argand diagram will have its own argument,

arg z , as measured from the origin

For any shaped region…

The least value of is arg z  the smallest angle a line through the origin can make to a point in the

region

The greatest value of arg z is the largest angle a line through the origin can make to a point in the

region

For circular regions that do not contain the origin…

Find θ , the argument of the centre…

Find α , the angle between a tangent to the circle through the origin and the line from the origin to

the centre…

This can be done using trigonometry, as a radius meets a tangent at right angles

The greatest value of arg z is θ + α  and the least value of arg z  is θ − α
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Find greatest and least values of  








z  and arg z
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Worked example
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Examiner Tip

When shading an unbounded region in the exam, make sure you extend your shading outwards,

crossing any axes where necessary.

When shading multiple inequalities to find a common region, lots of methods are accepted; these

include lightly shading individual regions to see where they overlap, or starting to shade along the

boundaries of individual regions to find the common region, or marking individual regions to find

the region with multiple marks, etc.
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