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Introduction to Integration /

Your notes

Introduction to Integration

Whatis integration?

= Integrationis the opposite to differentiation
= Integrationis the process of finding the expression of a function from an expression of the
derivative (gradient function)
What is the fundamental theorem of calculus?

FUNDAMENTAL THEOREM
OF CALCULUS

& DIFFERENTIATION ﬁ

(+¢)
y{+c &
dx
f(x) (+c)
(x)
¢ IS A CONSTANT

INTEGRATION %

INDEFINITE INTEGRATION

= The Fundamental Theorem of Calculus states that integrationis the inverse process of differentiation
= Thisform of the Theoremrelates to Indefinite Integration
= Analternative version of the Fundamental Theorem of Calculus involves Definite Integration
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What s the constant of integration (+c)? ,

=  Whendifferentiatingy, constant terms ‘disappear’ Your notes

dy

dx
= graphs of constants are horizontal lines and so have gradient of O
dy

— ,togety, cannot determine the constant

dx

= Toacknowledge this constant, “+ ¢”isused
= ciscalledthe constant of integration

= forconstantsy=c,

= |ntegrating

y = Bx Y s

y=5x+2 j—i:S

y=5x -3 :—Z=5
IN REVERSE, j—:=5 LEADS TO

y=5x BUT THERE COULD BE
A CONSTANT TERM TOO.

SO y=5x+c

WHERE ¢ IS THE CONSTANT OF INTEGRATION

What is the notation forintegration?

= Anintegralis normally writtenin the form

f (x) dx

] thelargeoperatorfmeans“integrate”

» “dx”indicates whichvariable to integrate withrespect to

] f(X) is the function to be integrated
= [fithas more than one termthe function to be integrated (called the integrand) should be in brackets
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= “Integrate” -- “all of (..)” -- “withrespecttox” ,
Your notes

WITH RESPECT

e.g. (3x + 5x + 4)dx
TO X

INTEGRAL FUNCTION TO
SIGN INTEGRATE

@ Worked example

_dy
9 (a) Find—fory =6x+3
0 dx

(b) Find J6 dx

bl y=6x+c
CONSTANT OF
INTEGRATION

#Fsavemyexams
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Integrating Powers of x

Integrating Powers of x
How dolintegrate powers of x?

= Powersof X areintegrated according to the following formulae:

n+1
« 1f f{x)= X" then ff(x) dx= a

of integration
= Foreachterm..
= .increase the power(of x) by 1
= . divide by the new power
= This doesnot apply when the original poweris -1
= the new powerwould be O and division by O isundefined

P + cwhere n € Q, n# — 1 and Cisthe constant

INCREASE
POWER BY 1...
xn-t—‘1
ndx = +c
gx dx g
... DIVIDE BY
NEW POWER

= |fthe powerof X is multiplied by a constant then the integralis also multiplied by that constant

axn +1
« 1f f{x)= ax” then ff(x) dx=

n+1
and Cisthe constant of integration
= Rememberthe special case:

. fadx=ax+c

+ cwhere n €Q, n# — 1 and aisaconstant

= eg. f4 dx=4x+c

= Thisallows constant terms to beintegrated

How do lintegrate expressions containing powers of x?
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= Theformulae forintegrating powers of X apply to all rational numbers soitis possible to integrate any ,

expression thatis a sum or difference of powers of X

= eg If f(x)= 8x3 —2x+4 then
gx3t1l oyl +l
ff(x)dx— 3rl 141

= Functionsinvolving roots will need to be rewritten as fractional powers of X first
1

= eg.lf f(X) = Sg/;then rewrite as f(X) = SXE andintegrate

= Functionsinvolving fractions with denominatorsin terms of X willneed to be rewritten as negative

Your notes

+4X+C=2X4—X2+4X+C

powers of X first

4
= eg lf f(X) = + x2 thenrewrite as f(X) =4x72 + x2 andintegrate
X
= Products and quotients cannot be integrated this way so would need expanding/simplifying first
= eg If fx)= 8X2(2x— 3) then

l6x%  24x3
fﬁ(x)dx=f(16x3—24x2)dx= :— 3X+c=4x4—8x3+c

O Examiner Tip

= You canspeedup the process of integrationin the exam by committing the pattern of basic
integrationto memory
= |ngeneralyou canthink of it as 'raising the power by one and dividing by the new power'
= Practice thislots before yourexam so that it comes quickly and naturally when doing more
complicated integration questions
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@ Worked example

Given that

d I
L o34 0x243-—=
dx \/;

find an expressionfor Y intermsof X.

Rewrite all terms as powers of x using the laws of indices for fractional and negative powers on the last
term.

dy L
——=3x*-2x2+3-x ?
dx

Find y by integrating each term.

1
y=f(3x4—2xz+3—x 2\dx
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Finding the Constant of Integration

How do | find the constant of integration?

= STEP]
= Rewrite the functioninto a more easily integrable form
= Eachtermneedstobe apowerof x (oraconstant)
= STEP2
= [ntegrate each termandremember “+c”
= |ncrease power by 1and divide by new power

= STEP3
= Substitute the coordinates of a given pointin to form an equationinc

= Solve the equationtofindec

e.g. FIND THE EQUATION OF THE GRAPH
THAT PASSES THROUGH (2,60 AND
HAS GRADIENT FUNCTION 3x2(2x—1)

\EANOTHER NAME FOR &

STEP 1 REWRITE IN A MORE EASILY INTEGRABLE FORM

L1/ = 3x%2(2x—1)
dx

= 6x3—-3x?

STEP 2 INTEGRATE...

... REMEMBERING “+c"
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STEP 3 USE THE GIVEN POINT TO FIND c
AT (2,6) 6=%{2)‘*—23+c
c=-10
y:%x“#ﬁéﬂo

O Examiner Tip

= |f aconstant of integration can be found then the question will need to give you some extra
information
= [fthisis giventhen make sure you use it to find the value of ¢
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@ Worked example ,

(X + 3)2 Your notes
Given f’(X) = —— and f(l) = 25 find f(X).

Jx

I
Rewrite (X) ina form the can be integrated more easily.

) = (x+3)(x+3)

Integrate each term, remember to include a constant of integration.

3 3 1
€(x) = x2 _|_6x2 +9X2 .
Y Ts 3 T
2 2 2
Simplify.
7 2 3 1
f(x) =§X2 +4x2 +18x2 +¢

Use f(1) =25 to find the value of c.

£(1) = %(1)5 +4(1)2 +18(1)2 + ¢
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2
—+4+18 +¢ = 25 v
S Your notes
222 + c=25
57 °7
13
c=—
5 3 1
2 = = = 13
f(x) =—x2 + 4x2 + 18x2 +—(
5 5
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Definite Integrals /

Your notes
Definite Integration
What is definite integration?

= Definite Integration occursin an alternative version of the Fundamental Theorem of Calculus
= Thisversion of the Theoremis the onereferred to by most textbooks/websites

FUNDAMENTAL THEOREM
OF CALCULUS

b
{ £x)dx = f(b) — f(a)
a

DEFINITE INTEGRATION

= aandb are calledlimits
= aisthelowerlimit
= bistheupperlimit
= f’(x)is the derivative of f(x)
= Thevalue canbe positive, zero or negative

Why do I not need to include a constant of integration for definite integration?
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5
e.g. FIND ngz dx Your notes
2

'F,(X} = Ox? INDEFINITE
INTEGRATION

S fix)=3x3+¢

F(2)=312P+c =24 +¢
£(5)=3(5P+c=375+¢

o £(5) = £(2) = (375 +¢) — (24 +¢)
=375-24+c—c

= 351
DEFINITE c’s CANCEL
INTEGRATION

= “4c¢” would appearin both f(a) and f(b)
= Since we then calculate f(b) - f(a) they cancel each other out
= So“+c”isnotincluded with definite integration

How do | find a definite integral?

= STEP1
= Givetheintegral aname (if it does not already have one)
= This saves you having to rewrite the whole integral every time!
= STEP2
= |fnecessaryrewrite the integral into a more easily integrable form
= Notallfunctions canbeintegrated directly
= STEP3
= |ntegrate without applying the limits
= Notation: use square brackets []with limits placed after the end bracket
= STEP4
= Substitute the limitsinto the function and calculate the answer
= Substitute the top limit first
= Thensubstitute the bottom limit
= Subtract the secondvalue from the first
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9
e,  EVALUATE (2x2+%-4ﬁ)dx Your notes
1
STEP 1 NAME THE INTEGRAL, T

]
LET =2+ - 4%)dx
41

STEP 2 REWRITE IN A MORE EASILY INTEGRABLE FORM

e}
T = {(2x2 + 352 - 4x7)dx
41

STEP 3 INTEGRATE « USE SQUARE BRACKETS
° LIMITS AT END

S8
[ I—
©

I= ,:gf Poxl= %x

? 1
STEP 4 SUBSTITUTE LIMITS AND CALCULATE
I=(486 - %_72)_(% _3_%)

What are the special properties of definite integrals?

= Some of these have been encountered already and some may seem obvious ...
= taking constant factors outside the integral

b b
] f kf(X) dx= kf f(X) dx where k is a constant

= usefulwhenfractional and/or negative values involved
= integrating term by term
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o [ + e dax= [(fGx) dx+ [alx) dx 4

a a a Your notes
= the above works for subtraction of terms/functions too

= equalupperand lowerlimits

. faf(x) dx=0

a
= onevaluating, thiswould be avalue subtracted fromitself!
= swapping limits gives the same, but negative, result

b a
. ff(x)dx=—ff(x)dx
a b
= compare 8 subtract 5 say, with 5 subtract 8 ...

= splitting the interval

. fbf(x) dx= fcf(X) dx + fbf(x) dxwhere a<c<b

a a c
= thisis particularly useful for areas under multiple curves or areas under the X-axis

O Examiner Tip

= | ook out forquestions that ask you to find anindefinite integral in one part (so “+c” needed), then
in alater part use the same integral as a definite integral (where “+¢” is not needed)
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@ Worked example

s

Your notes
Y & S04
Find the exact value of | (3x2 + — — —) dx
O x3 X2
0
8
1 3 o CALL INTEGRAL T
STEPS 1&2 1= f(3x2 +Ax7 - xz)dx ° REWRITE
0
STEP 3 INTEGRATE
3 -15 i
| 3x* |, 4x* X
I_ i + _2 i
2 2 o
8
3 -1
I= [2)8 -2x72 + 2x 2]
0
STEP 4

SUBSTITUTE LIMITS AND CALCULATE

3 1

1= [2(8)2— 2(8)2 + 2(8) 2]
3 2 4

- [2{0) =200 + 2(0) 2]

_ 4 A2 6
I-(32«f? =+ 2) (0-0+0)

T = 21104042’
32

#Fsavemyexams
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Finding Areas with Integration

AreaUnder a Curve

What does areaunder a curve mean?

= Thephrase “areaunderacurve” refers to the areabounded by ...
= .. thex-axis
= _.thegraphofy =f(x)
= . theverticallinex=a
= _.theverticallinex=b

YA y = f(x)

0 x=aq x=b .

R IS THE AREA UNDER THE CURVE y= f(x)

Copyright © Save My Exams. Al Rights Reserved

How do | find the area under a curve?

= Thevalue from definite integrationis equal to the “areaundera curve”
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4

y = f(x) Your notes

b
AREA OF R= [f(x)dx
a

Copyright © Save My Exams. All Rights Reserved
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o 4

Your notes

y=5+2x-x?

0

FIND THE AREA OF THE SHADED REGION.

3
AREA = ((5 + 2x — x?)dx
1

3

1.3

= 5x+x2——x:|
[ 37,

=445+9—9)—(5+4—%)

AREA = % SQUARE UNITS

Copyright © Save My Exams. All Rights Reserved

What if | am not told the limits?

= [flimits are not provided they will likely be the x-axis intercepts
= Sety = 0andsolve the equation to find the x-axis intercepts
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e.g. FIND THE SHADED AREA MARKED R IN THE DIAGRAM BELOW

SET y=0 FOR
x(b-x1=0 x—AXIS INTERCEPTS
x=0 x=5

e a=0 b=5 EXPAND SO
"INTEGRATE—-ABLE"
5

AREA OF R = | (5x—x?)dx
0

5x2 x:":r

0

2 3

=125 _ 125 oo
= -5 -—5>-(0-0

AREA OF R=% SQUARE UNITS

Copyright © Save My Exams. All Rights Reserved
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What happens if the graphis below the x-axis? ,

= Ifthe arealies underneath the x-axis the value of the integral will be negative Your notes
= Anareacannotbe negative, so take the modulus of the integral

y

y = f(x)

0 \IJ/I/ X

AREA R ENTIRELY UNDER x—-AXIS

b
(fx)dx <0
a
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e.g. FIND THE SHADED AREA R IN THE DIAGRAM BELOW /
Your notes

y=x*—6x+5

4 4
§(x2—6x+5}dx = [£—3x2+5x]
2 3 2

(54 4s+2o) (%—42+1o)

WRITE AS 3

AN INTEGRAL

22
3

< AREA OF R—— SQUARE UNITS

What if the area is made up of more than one section?

= Becarefulwhenone sectionis above and one sectionis below the x-axis
= Youwillneed a separate integral for each section, BUT...
= ..Onesection'sintegral will be negative
= ..Onesection'sintegral will be positive
= Soyou’'llneed to take the modulus before adding to find the total area
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y = f(x)

TOTAL AREA =R,+R,
c b c

AND  [fxadx = [fxadx + [fxdx
a a b

b
BUT [fix)dx >0
a

Sﬂx)dx <0
b

c
SO TOTAL AREA #gﬂx)dx
a

O Examiner Tip

= Addinformation to any diagram provided in the question, as well as axes intercepts and values of

limits

Mark and shade the area you’re trying to find, and if no diagram is provided, sketch one!
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@ Worked example /
Your notes
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‘, Find the area bounded by the curve with equation

y x% — 4x — 5, the x-axis and the lines x = 0 and
x =+

y=x?—4x-5

SKETCH AS NO
DIAGRAM GIVEN

x2-4x—-5 = (x=5}x+1N=0

x—AXIS INTERCEPTS
ARE -1 AND 5

N
EXPECT NEGATIVE R
AS BELOW x—-AXIS

4 g .
S(x2—4x— Sidx = [—%— -2x? - 5x:|
0 0

WRITE AS
AN INTEGRAL

= (—%‘l —32 —20) —(0-0-0)

82

-
..

-3

AREA REQUIRED =93—2 SQUARE UNITS

é MODULUS I
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(# save myexams Your notes
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Finding Areas Between Lines & Curves /

Your notes

Area Between aCurve & alLine

How do | find the area between a curve and aline?

= The area enclosed will be the difference between ...
= the areaunder theline and
= the areaunderthe curve

y = f(x)

y = g(x)

LINE AND CURVE

/ INTERSECTIONS

0 X

R IS THE AREA BETWEEN A CURVE AND A STRAIGHT LINE

= These canbe found separately

Page 27 of 51

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

y y = f(x)
1
| :
R |
0| a b 3
b
Re = {(x)dx
d
AREA OF
A TRAPEZIUM

STEP1

Y\
y = g(x)
/ i RL )
o a b X
b
Rﬁfg(x)dx
d
R=229¢
=5 g(b) + glall

L

= Findtheintersections of the line and the curve (if not given)

STEP 2

= Findthe areaundera curve, R¢, using definite integration

STEP 3

= Findthe areaunderaline, Ry, eitherusing definite integration or the area formulae for basic shapes

STEP 4

= Tofindthe area, R, between the curve and the line subtract the smaller area from the larger area

= |fcurve ontop thiswillbe Rc = R,

= [flineontop thiswillbe R, - R¢

There may be easier ways to find the areaunder aline

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers
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AREA UNDER A LINE

y = g(x)

y = g(x)

4

Your notes

RECTANGLE
OR SQUARE

R=c(b-a

TRIANGLE

T
R.= 5 (b—alg(b)

TRAPEZIUM

L

R=

b—a
2

Lg(b) + gla)]

Copyright © Save My Exams. All Rights Reserved

Canlsubtract before integrating?
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= Yes - see the next note on "Area between two curves" ,
= Essentially you treat theline as a second curve
= |tcanbe easierto make mistakes using this method Your notes

© ExaminerTip

= Addinformation to any diagram provided

= Addaxesintercepts, as well asintercepts between lines and curves
= Mark and shade the areayou’re trying to find
= |f nodiagramis provided, sketch one!
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@ Worked example /

Your notes
? Find the area indicated by R in the diagram below.
y y=%
y=xt
R
0 X
#Fsave myexams
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4

Your notes

STEP 1 FIND THE INTERSECTIONS

X _ 3 (_\_Fy SIMULTANEOUS
3 EQUATIONS

2

X

x? = Ox &—/E QUADRATIC

©|x

x2-9x=0
X(x—=9)=0
ADD TO
x=0 AND x=9 DIAGRAM
#Fsavemyexams
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s

STEP 2 FIND THE AREA UNDER THE CURVE Your notes
— 9
9 : x%
c—j;x dx = 3
_2 5 9
= —)(E
3 ]
= 0

Il

2 o)
(3(9}) (0)

R, =18
STEP 3 FIND THE AREA UNDER THE LINE
TRIANGLE BASE =9
RL=%x9x3 HEIGHT = 3
27
=7
#Fsavemyexams
STEP 4 SUBTRACT SMALL FROM LARGE
CURVE IS
R=R.—R, ON TOP
27
R =18 >
9
R = > SQUARE UNITS
#Fsavemyexams
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AreaBetween Two Curves /

Whatis the area between two curves? Your notes

= |ngeneral find the definite integral of “upper curve” - “lower curve”
= Howeverthisdoesdependon..

= .theareabeingfound

= . if the curvesintersect (and cross over)

y = f(x)

/\_‘-____/ y = g(x)

|

b
R = {T£(x) - gx)1dx
a

= The areamay have to be splitinto separate integrals
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y s

y = f(x) Your notes

y = g(x)

v
R,= E[ﬂx) —alx)1dx
a

C
R,= {Lgtx) = fx)1dx
b

= The points at which curvesintersect may need to be calculated

How do | find the area between two curves?

= STEP1
= Findtheintersections of the curvesif needed

= STEP2
= Formtheintegral..
= . usingtheintersections aslimits
= . “uppercurve” - “lowercurve” ..
= . andfindthe value of the integral

= STEP3
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= Repeat STEP 2if more than one area needed /

Your notes
= STEP4
= Add areastogether

e.g. FIND THE SHADED AREA IN THE DIAGRAM BELOW

7 - y=x2—-7x+14
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TEP 1: FIND THE INTERSECTIONS Your notes

wn

x2 = 7x+14 =2+ 4x — x?
2x2 - Mx+12=0
(2x — 3)x—4)=0

x=%, x=4

STEP 2: FORM INTEGRAL AND FIND ITS VALUE

AREA =J[(2 + 4x = x2) — (x2— 7x + 14)] dx
3
2

UPPER CURVE LOWER CURVE

AREA =J(—2x2 + Mx —12)dx
3
2

AREA = % SQUARE UNITS

O Examiner Tip

= [fnodiagramis provided sketch one, evenif the curves are not accurate
= Addinformationto any given diagram as you work through a question
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@ Worked example /

Your notes
9 The diagram below shows a sketch of part
o
of the graphs with equations
y=x>=5x2+7x and y = 2 + 222 = x?
Y
4_
y=x*-5x*+7x
3_
1_
0 L 2 X
g y=2+2x*-%°
Find the shaded area.
#Fsavemyexams
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STEP 1: FIND THE INTERSECTIONS Your notes

xX*=bx?+7x =2+ 2x*—x°

2% 72 + 7x—2=0 e—\{‘, SOLVE  USING
CALCULATOR

x=2, x=1, x=1§

STEP 2: FORM AND FIND INTEGRAL FOR FIRST AREA

4

R, = S[(f— Bx2+ 7x) — (2 + 2x2 — x?) ] dx

05

ﬂ
R, = [(2x¢ = 7x2 + 7x~21dx

05

5 USE CALCULATOR

STEP 3: FORM AND FIND INTEGRAL FOR SECOND AREA

2
R, = g[(z +2x2 = x¥) = (x* = 5x% +7x) ] dx
1

(—2x3 + 7x*>=7x + 2)dx

2
[ V]
Il
2

1
R, =3
STEP 4: ADD AREAS TOGETHER
SHADED AREAS = R, +R,
-5 .1
96 "3
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_ 2/
SHADED AREA = o6 SQUARE UNITS /
Your notes
#Fsavemyexams
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Integrating Trig Functions ,

Your notes

Integrating Trig Functions

How dolintegrate sin, cos and sec”*2?

= Theintegrals for sine and cosine are
fsin xdx=—-cos x+c
fcos xdx=sin x+c

where C isthe constant of integration

= Also, from the derivative of tan x

fsec2 xdx=tan x+¢
= Forthelinearfunction 8X + b,where dand bare constants,

1
fsin (ax+b) dx= ~~ cos (ax+b)+c
1.
fcos (ax+b) dx=;s1n (ax+b)+c

1
fsec2 (ax+b) dx=;tan(ax+ b)+c

For calculus with trigonometric functions angles must be measured in radians

O Examiner Tip

= Remembertoadd'c’, the constant of integration, for any indefinite integrals
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@ Worked example

a) Find,inthe form f(X) + ¢, an expression foreachintegral

. fcosxdx
; 2 _ T
i fsec (3X 3)dx

i. Thisis aresult you should be able to recall from memory.

fcosxdx =sinx + ¢

1
ii. Usethestandardresult: f8602 (aX + b) dx = ;tan(ax + b) + C.

fse02 (3)(— l\ dx = ltan(3x—£) + c

3) 3 3

b) A curve has the following equation:

: Tt
y= f231n(2x + E) dx

T
The curve passes through the point with coordinates (?, A/ 3).

Find an expressionfor Y.

Factorout the 2 in front of the sin first, and then use the standard result:
) 1
fs1n(ax+ b)dx= - ;cos(ax+ b) +c.
. Tt
y=2 sm(2x + Z)dx

_of_L s
y—2( 2cos(2x+ 6)+c)

When multiplying the arbitrary constant C, by 2, itis still just an arbitrary constant and so it is still

justwrittenas C.
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y= —cos(zx + £\+ c

\6)

Substitute in the given coordinate, and evaluate, to find C.

(2']'[ 1'[\
ﬁ——cos\ 3 + 6/+C
ST
ST —cof X+
\ 6
3
Fi= G e
_V3
T2
Rewrite the full expression for Y.
= (2 +—)+£
Y= —COos| 2X 6 5
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Integratinge”x & 1/x

Integratinge”x & 1/x
How dolintegrate exponentials and 1/x?

» Theintegralsinvolving €% and In xare

fex dx=eX+¢

1
[~ ax=mlx|+c
X

where Cis the constant of integration

= Forthelinearfunction (3X+ b),where a and bare constants,

fe"”‘*b dx=le3"+b+c
a

f;d —llnl +b| +
ax+b X—a ax c

= |t follows from the last result that

a
fm dx=In|ax+b|+c¢

= which can be deduced using Reverse Chain Rule

= WithlIn, it canbe useful to write the constant of integration, C, asalogarithm
= using the laws of logarithms, the answer can be written as a single term

1
] f} dx= ]11|X| +Ink=In kIXIWherekisaconstant

= Thisis similarto the special case of differentiating In (aX + b) when b=0
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@ Worked example

3

A curve has the gradient function f(X) = 3X—+2 +etx,

Given the exactvalue of f(l) is In 10— €3 findan expression for f(X)

To find f(X) ,we need tointegrate the expression for ld(X)

3
f(X)=f3X7+2+64 X dx

Rewrite as two separate integrals which can be found individually, and factor out any constants.

(x)= 3_[3 +2 fe“‘xdx

Use the tworesults:

1 1
faX—-l-bdX=Zln|aX+b| + c

1
a

fx)= 3{ 1n|3x+2|\+ —le*~x +¢

f(x)=ln|3x+2| — et x +¢

The question states that f(l) =1nl0 - &3 ,so substitutein X = 1 and equate to the given
expression.

In10 — & = 1n|3(1)+2| — e*~'+¢
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Simplify and solve to find C.

ml0—e3=mh5-e+c¢
In10—1In5

I
o

Recall fromlaws of logarithms that Ina—Inb=In

b

10
c=In—=1n2

Rewrite the full expression for f(X)

f(x)=In|3x+2| — e**+ In2
orby combininglogs, this could be written as f(X) =In (2 | 3x+ 2|) — et x
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Reverse Chain Rule

Reverse Chain Rule

Whatis the reverse chainrule?

The Chain Rule is a way of differentiating two (or more) functions
The Reverse Chain Rule (RCR) refers to integrating by inspection
= Spotting that chainrule would be used in the reverse (differentiating) process

How do | know when to use the reverse chainrule?

Thereverse chainrule is used when we have the product of a composite function and the derivative of

its second function
Integrationis trickier than differentiation; many of the shortcuts do not work

ef(x)

= Forexample,ingeneral fef(x) dx = f'
X

= However, thisresultis true if f(X) islinear (3X + b)
Formally, in function notation, the reverse chainrule is used forintegrands of the form

1= [¢(r(e(x) dx

= Thisdoesnothave to be strictly true, but ‘algebraically’it should be
If the coefficients do not match ‘adjust and compensate’ can be used

2 2
= Forexample, €%~ differentiates to 2Xx€X" with the chainrule

2 2
= so f2XCX dx = eX" + cwiththe reverse chainrule
2
= Buttodo f5XeX dx weneedto:

2
» Takeoutthefive:S | xeX dx

5 2
" ForceaZinside(adjust)anddividetheoutsidebya2(compensate):EfZXeX dx

The bitinside the integralis now a reverse chainrule

5

2
s Theansweris Eex +c

= Aparticularly usefulinstance of the reverse chainrule to recognise is

f'(x)
I= f—dx=ln x)|+c¢
) | (x)|
= j.e. thenumeratoris (almost) the derivative of the denominator
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] 'adjust and compensate' may need to be used to deal with any coefficients

e /‘X2+1 _l 3X2+1 q _l 3x2+3 q —ll 343yl +
x3+3x X_3 B+3x 3 ¥4 X_3n|X x| +e

O Examiner Tip

= You can always check yourwork by differentiating, if you have time

@ Worked example
A curve has the gradient function ld(X) = 5X28in(2X3).

Given that the curve passes through the point (O, 1) ,find an expression for f(X).

Write f(x) as anintegral.

f(x)

Take 5 out of theintegral as a factor.

f(x)

The main functionis sin(...), which would have come from -cos(...).

f 5x2 sin (2x3) dx

5 | x2sin (2x3) dx

Adjust and compensate the coefficients.
2x3would differentiate to é6x2so -cos(2x3) would differentiate to (6x2)sin(2x3)

1 o
f(x) = 5 x(g)x [(6x2)sin (2x3) dx

Integrate.

5
f(x) = (g)x —cos(2x3) + ¢

5
f(x) = —gcos(2X3) +c
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Integrating Composite Functions (ax+b) /

What is a composite function? Your notes

= Acomposite functioninvolves one function being applied after another
= Acomposite function may be described as a “function of a function”

= This Revision Note focuses on one of the functions being linear - i.e. of the form 8X + b

How do lintegrate linear (ax+b) functions?

= Thereverse chainrule canbe used forintegrating functionsin the formy = (ax + b)"
= Make sure you are confident using the chain rule to differentiate functionsin the formy = (ax + b)"
= Thereverse chainrule works backwards
= Forn=2youwillmost likely expand the brackets and integrate each term separately
= |f n> 2thisbecomes time-consuming andif nis not a positive integer we need a different method
completely

= Tousethereverse chainrule f(ax + b)“dX(provided nisnot -1)

= Raise the powerofnby1
= Divide by this new power
= Divide this whole function by the coefficient of x

(ax+b)ntl 1
. f(ax+b) dX_TXZ-I-C

= You can check your answer by differentiating it
= Youshould get the original function when you differentiate your answer
= Note that this method only works when the functionin the bracketsis linear (ax + b)
= The special cases for trigonometric functions and exponential and logarithmic functions are

1
fsin(ax +b)dx=— zcos(ax +b)+c

1
fcos(ax+ b) dx= zsin(ax+ b)+ ¢
1
- feaX+bdx=—eaX+b+c
a

1 1
. fm dx=;ln|ax+b|+c

= C,inallcases,isthe constant of integration

= Allthe above canbe deduced usingreverse chainrule
= However, spotting them can make solutions more efficient
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@ Worked example

Find the following integrals

5
0 [307-2%)7 ax

Name theintegral.
> l
I = f3(7—2x)3dx = 3f(7—2x)3dx

Using the rule 'raise the power by one, divide by the new power and then multiply by the reciprocal of
the derivative'integrate the expression.

I= 3{%(7—2;&3 x_%WI +c
L3 |
Simplify.
[ 3
I= 3IL—1—6(7—2X)3 | + ¢

9 8
= -—— — 3
I 16(7 2x)3 + ¢

1
b) fE cos(3x—2) dx

Name theintegral.

1 1
I = fzcos(3x—2)dx = 5fcos(3x—2)dx

1
Usingtherule fCOS(&X + b) dx= ZSIH(&X + b) + C,integrate the expression.
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+c ,

Your notes

I= —[—sin(3x—2)

Simplify.

1
I= Esin(3x—2) +c
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