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The Geometric Distribution

Conditions for Geometric Models

What is the geometric distribution?

= The geometric distribution models the number of trials needed to reach the first success
= Forexample, how many times will you have toroll a dice untilitlands ona '6' for the first time

= The notation for the geometric distributionis Geo(p)
= Forarandom variable X that has the geometric distribution you can write X ~ Geo(p)
= X isthe number of trials it takes to reach the first success
» Forexample, X = 8 means the first success occurred on the 8th trial

= pisthe fixed probability of successin any one trial

What are the conditions for using a geometric model?

= Ageometric model can be used for an experiment that satisfies the following conditions:
= The experiment consists of anindefinite number of successive trials
= The outcome of each trialisindependent of the outcomes of all other trials
= There are exactly two possible outcomes for each trial (success and failure)
= The probability of success in any one trial (D) is constant
= Note that these conditions are very similar to the conditions for the binomial distribution
= But for a binomial distribution the number of trials ( 11) is fixed
= Andyou count the number of successes
= While for a negative binomial distribution the experiment continues until the first success is
achieved
= Andyoucount the number of trials it takes to reach that first success

When might the conditions not be satisfied?

= |f asked to criticise a geometric model, you may be able to question whether the trials are really
independent
= Forexample, someone may be repeating an activity until they achieve a success

= Thetrials may not be independent because the person gets better from practising the activity

= This also means the probability of success, D, is not constant

= |nordertoproceed using the model, youwould have to assume that the trials are independent

O Examiner Tip

= Replace the word "trials" with the context (e.g. "flips of a coin") when commenting on conditions
and assumptions

Page20f20

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Geometric Probabilities
What are the probabilities for the geometric distribution?

- f X ~ Geo(p) then X has the probability function:

- P(X=x)=px)=p(I-p)x~1, x=1,2,3,..

» therandom variable X is the number of trials needed to get the first success

= D isthe constant probability of successin one trial

] P(X= X) is the probability that the first success willoccuron the xth trial
= Note that thatis the product of

= the probability of first getting X — 1 failures, (] —p)X - 1,

= and the probability of getting a successinthe xth trial, p

= Alsonote that thereisno greatest possible X
= |tcouldrequire any number of trials to reach the first success

« However P(X = x) gets closerand closer to zero as X gets larger
= Your calculator may allow you to calculate Geometric probabilities directly
= j.e., withouthavingto use the above formula

What are the properties of the geometric distribution?

= Notethat

P(X=1),P(X=2), P(X=3), P(X=4),..=p, p(1-p), p(1-p)?, p(1-p)3, ...

= This means that the geometric probabilities form a geometric sequence
= Thefirsttermis p

= The commonratiois (1 —p)
= Thisis where the geometric distribution getsits name!

= Assumingthat() < p <1, thenitisalsotruethat() < (p - 1) <1
- Thismeansthat P(X=1)>P(X=2)>P(X=3)>P(X=4)>...
= j.e. the probabilities form a decreasing sequence
= and P(X= 1) is the largest probability in the sequence
» Therefore X = 1 is the mode of the distribution

X~ Geo (0.8) X~ Geo (0.5) X~ Geo (0.2)
T 1 A T A T A
0.9 o9 0.9
> > X
< 0.8 1 0.8 0.8
8- 0.7 807 %07
0.6 1 0.6 0.6
0.5 1 0.5 0.5
0.4 0.4 0.4
0.3 1 0.3 0.3
0.2 0.2 0.2
1 S I A
0] 1 2 3 4 57 0 1 2 3 4 57 0 1 2 3 4
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= The geometric distribution has no 'memory'
= |tdoesn't matterwhat has happened previously, orhow many 'failures'in arow there have been
= The probability of getting a'success'in any trial is always p
= This means that the number of additional trials needed for the first success is not dependent on
the number of trials that have already occurred
= e.g.if 5(failed) trials have already occurred, the probability of the first success happening
after7 trialsis simply the probability of success happening after 2 trials in the first place, i.e.

p(1-p)
What are the cumulative probabilities for the geometric distribution?

- F X~ Geo(p) then X has the cumulative geometric distribution:

- P(X<x)=1-(1-p)x, x=1,2,3,..

= therandom variable X is the number of trials needed to get the first success

= D isthe constant probability of successin one trial

] P(X < X) is the probability that the first success will occur on or before the xth trial
= Your calculator may allow you to calculate Geometric probabilities directly

= j.e., withouthaving to use the above formula
= The formulacanbe proved as follows

= If the first success occurs on or before the Xth trial, that means that the first X trials have not all
been failures
= The probability of getting X failuresinarowis ( 1 —p)X
= Sothe probability of that not happeningis 1- (1 —p)X
= Alternatively, it canbe proved algebraically

= The geometric probabilities form a geometric sequence with first term p and commonratio

1-p
a(l1—rn)
= Putting that into the geometric series formula Sn = T gives
- pi=(1=p)*)  pl1=(1-p)¥)
P(X<x)= X=r)= = =1-(1-p)X
( ) rép( ) 1-Q _p) » ( p)

= Because lim (1 —p)X =0 (assuming 0 < p < 1), it follows that

X =00
2. P(X=n=1-0=1
r=1

= Sothe sum of all probabilities is equal to 1
= Thisis arequirement of any probability distribution
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O Examiner Tip /

Your notes
= |fyouforgetthe formulae in the exam, you can often still do questions using basic probability

concepts and geometric series
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@ Worked example

Joshuais aninspectorinafactory. Hisjob is to randomly sample widgets produced by a particular
machine, until he finds a widget that has a defect. If he finds a widget with a defect, then the machine

must be stopped until arepair procedure has been completed. Given that the probability of a widget
being defectiveis 0.002, find the probability that:

a) the 10th widget that Joshuainspectsis the first one thatis defective

Let X-= nomber o“: w'icljets insrer_tecl sl |
'F'nrst Ae’fec‘tive one

X~ Geo (0.00?.)
Use P(X=x)= F(\'P>X—|

P(x=10) = 0.002 (o.cms)q = 0.00196423...

0.00196 (3 s.1)

Note: Your ca.‘cu‘m_tor r--o-7 Lmve_ o C’Eome‘tr;c D;Stf;\gu‘t;an
‘?untt;on tLo.t con co-‘c-J\o.tO_ tLQ&Q T(O\J“L;\;t:aﬁ cl;rec.t\?(

b) the 250th widget that Joshua inspectsis the first one that is defective

P(X=250)= o.ooz(o.qqs)m= 0.00121488...

0.00121 (3s.1.)
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the 250th widget that Joshua inspectsis the first one that is defective, given that the first 240
were not defective

The gqeomelcic
P(X=250|X>240) = P(X=10) disteibution s

no "me\morr'

0.00196 (3 s.§.)

'i.e.., 50mQ o5 ansJer To Po.rt (o.)

d) Joshuawillinspect 250 or fewer widgets before finding the first one that is defective
X
Use P(Xéx) =1-(\- ?)
250
P(xe250)= 1-(0.998) = 0.393772..

=10.394 (3s..)

Note : Your cadevlotae mo-r hove o Cumulalive Geowmeleric

D;str‘n\;\f[{on {'unct;on tht Con co.‘cu\cxt?. t\nesl
f(o\:o.\oi‘;ties A‘nrec_tl7

e) Joshua willneed to inspect more than 250 widgets before finding the first one that is defective.

P(x>1250) =1~ P(X£250)= 0.998"°

- 0.606227... =§0. 606 (3 s.f.)
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f)  Stateanassumptionyou have usedin calculating the above probabilities. ,
Your notes
It Las beew sssowed Dhal any one wiéjet
\)einj dafeclive is }nJePenJent of ony
ofher w'lcljet \ae;ﬂj detective.
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Geometric Mean & Variance /
What are the mean and variance of the geometric distribution? Your notes

= f X~ Geo(p),then

1
» Themeanof Xis E(X) = u= ;
I-p
= The variance of X is Var(X) =02 = 2

= Youneedtobe able to use these formulae to answer questions about the geometric distribution

© ExaminerTip

= If aquestion givesyou the value of the mean or variance, form an equationin P and solve it
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@ Worked example

Palamedesisrolling a biased dice for which the probability of the dice landingona'é'is p. The random

variable X represents the number of times he needs to roll the dice until a'6' appears for the first time.
Given that the standard deviation of X is 2\/ 3 find:

a) thevalueof p.

X~ Geo (P)

\.—
Use Var(X)= ¢* = L8

2

i

f-(@n)-=n
\2191** ID— | = ("kP" \)(313* \) = O
\ \
P ¥ °r 3
But P ;5 o~ ‘Dro\pa\);\;ty, 50 11. caunl_t \DQ neao-.'t;ve,
.
P~

o)) the mean of X
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\

Use E(X)';/-AZ "F_

|

E(X) = 3 4

o P(X<3).
X~ Geo ()
Use P(X&x)=1-(-p)

P(xL3)=1-(-%) = %

Note : Your enleuliaiine i hove oo Comulalive Geomeleric

D;str;‘;ud[;on %untt;oﬂ tL\o.t Con co.‘cu\o.to_ tLQ&Q
‘Dfo\?&)o;‘;t;ES c‘;rec.t\7
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The Negative Binomial Distribution

Conditions for Negative Binomial Models

What is the negative binomial distribution?

= The negative binomial distribution models the number of trials needed to reach a fixed number of

successes, I'
= Forexample, how many times will you have toroll a dice untilitlands ona '6' for the third time
= Thereisno one standard form of notation for the negative binomial distribution

* Butforarandomvariable X that has the negative binomial distribution you could write either:
« X~NB(r, p) or X ~Negative B(r, p)
= X isthe number of trials that will be required to reach a total of I' successes

= D isthe fixed probability of successinany one trial

What are the conditions for using a negative binomial model?

= Anegative binomial model can be used for an experiment that satisfies the following conditions:
= The experiment consists of anindefinite number of successive trials
= The outcome of each trialisindependent of the outcomes of all other trials
= There are exactly two possible outcomes for each trial (success and failure)

= The probability of successin any one trial (D) is constant
= Note that these conditions are very similar to the conditions for the binomial distribution
= But forabinomial distribution the number of trials (1) is fixed
= Andyou count the number of successes
= While for a negative binomial distribution the number of successes (I') is fixed
= Andyou count the number of trials it takes to reach that number of successes

When might the conditions not be satisfied?

= |f asked to criticise a negative binomial model, you may be able to question whether the trials are really
independent

= Forexample, someone may be repeating an activity until they achieve the rth success
= Thetrials may not be independent because the person gets better from practising the activity
= This also means the probability of success, D, is not constant

= |nordertoproceed using the model, you will have to assume trials are independent

O Examiner Tip

= Replace the word "trials" with the context (e.g. "flips of a coin") when commenting on conditions
and assumptions
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Negative Binomial Probabilities
What are the probabilities for the negative binomial distribution?

- f X ~ Negative B(I‘, p),thenXhas the probability function:
x—1
- P(X=x)=p(x) = —1 p(1=-p)x—r, x=rr+1,r+2,..
= therandom variable X is the number of trials needed to get I' successes

= D isthe constant probability of successin one trial

] P(X= X) is the probability that the rth success will occur on the xth trial
= Note that thatis the product of

= the binomial probability of getting I = 1 successesin X = 1 trials,
x—1
r—1 (] - )x -r
=1 p p

= and the probability of getting a successinthe xth trial, p

x—1
. —1 is the binomial coefficient
x—1
. i.e.,( 1=(X_1)C
\r—1) (r=1)

= Alsonote that thereis no greatest possible value of X
= |t couldrequire any number of trials to reach the rth success

» Howeverforanygivenr, P(X= X) gets closerand closerto zero as X getslarger

Where does the formula come from?

= Considerrolling a fair dice and wanting to know the probability that it would take 12 rolls for the dice

toland on'é' a total of 3 times
= Thisis the same as saying that the third '6' occurs on the 12th roll

= Youcan modelthis situation using the random variable X ~ Negative B(3, g)

= 'success'hereisdefinedas'rollaé’

» 1= 3 because we're interested in the number of trials required toreach a total of 3 successes

1
= D= g is the probability of rolling a'6' on a fair dice

= X isthe number of trials that will be required to reach 3 successes
= The probability you are looking foris therefore P(X= 12)
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= Forthethird'6'to occuronthe 12throll, the following things need to happen:
= '6'must occurexactly 2 timesin the first 11rolls
= |tdoesn'tmatterwhichrolls those two '6'soccuron

= The probability of that happeningis P( Y= 2) forY ~ B(l 1 ) g)
= Sothat part of the answeris a binomial probability
= Thena'é6'mustalso occuronthe12throll

1

= The probability of that happeningis g

= Sothe probability of both those things happening is

P(Y=2)x % = (( N 1(1 Wiﬁx L ( N Y : WEY =0.0493489...

\2 \N6/J\6/) ) 6 |2 \6/)\6)
= Thatsamelogic canbe used to find the general formula for negative binomial probabilities

Is there a connection between negative binomial probabilities and geometric
probabilities?

= Notethatwhen I'= 1 the negative binomial probability function becomes:
x—1

0 )pl(l—p)’f‘l=p(1—p)x-1, x=1,2,3, ..

P(X=x)=p(x) =(

= Thatisthe same as the geometric distribution probability function

» The geometric distribution is the 'special case' of the negative binomial distribution when =1

O Examiner Tip

= Make sureyou are clearaboutwhat X, I', p and P(X= X) refertointhe formula!
= Readthe question carefully to determine whether binomial, geometric or negative binomial
probabilities are required
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@ Worked example

Emanuelis playingin a chess tournament, where his probability of winning any one gameis 0.55. Find
the probability that:

a) his first winisin the third game he plays
K~ Negalive 8 (1, 0.55)
_ A= ¢ X-r
Use P(X=x) = (r-i) P (I—F)

P(x=3) = (3)(0.55)(0-45)1 = 0111375

1

0.\ (3s.f.)

You cou‘A O\\SO c‘o tL;s s X"‘ C‘re_o(o-SS)

Thes PLRED)E (o_ss)(o.ws)2 = 0.111375

b) he wins exactly 4 of his first 7 games

T\n'ts '|5 just =N f‘QjU\od' \D'lﬂom;o.\ tLue_S.t;or\
X~ B (7, 0.55)

P(x=4)= (3)(0:55)"(0:45) = 0.291847...

=10.292 (3s.%.)
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c) he wins for the fourth time in his seventh game ,

Your notes

X~ NegaTive B (4, 0.55)
P(X=7)= (g)(o.ss)"'(o.ws)g = 0.166770...

=10.167 (3 s.5.)

d) he wins for the fourth time in his seventh game, given that he won his first game

T‘n.ts meons \nq w\“ nee.c\ (.0 more 30«“25 -tO
Sp_t | T bl 0 Jias.

X’” Nejat;veB (3, OSS)
P(X=6)=(3)(0:55)°(0:45)° = 0.151609...

=10.152 (3 s.f.)

e) his fourth win occurs in or before his seventh game.
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Tlis means We's wom of leasT % Times in Wis s
Your notes

'\::rst —‘ jo.w-e.s. So }T'S omot\«er rejular
L;nom;m\ 1&.)2.5)[;:”1.

X~ B (7, 0.55)
P(X24) = 1-P(XLt3)=0.608287...

= 10.608 (3 <.f.)

f) Criticise the model used in this question.

T\ne reSu\ts O'f '“'\Q Sames mo.7 no'\'_ \;Q
inc\e.Pe.nAent, ond the ‘aro\ao.\:G\ity of
w;nn;ﬂj mon, not o.‘wmys \39_ t\ne SOmMme .,

For examP\e, \ne. fﬂO\Y ?\0.7 o.ao-inst
r.\'-f'fereﬂt ofPOﬂeﬂtS, or he ™ oy
'\m‘:rovg 2 Lk ?rar_tico. as The

tournmment 3025 onNn.
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Negative Binomial Mean & Variance /
What are the mean and variance of the negative binomial distribution? Your notes

- 1f X ~ Negative B(r, p).then
r
» Themeanof Xis E(X) = u= ;

] -
» Thevariance of Xis Var(X)= o2 = 1(—217)

= Youneedto be able to use these formulae to answer questions about the negative binomial
distribution.
O Examiner Tip

= |f aquestion gives you the mean and/or variance with one known parameters (I'or p), forman
equationto find the other

Page 18 of 20

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

@ Worked example ,

Your notes
Croesus s tossing a biased coin forwhich the probability of the coin landing on'heads’is p. The

random variable X represents the number of times he needs to flip the coin until it has landed on
heads four times. Given that the mean of X is 10, find:

a) the value of p

X"" Nejo.‘t'\ve B (u(, F)

Use E(X):/-&:-;_

U
IOZ? =7 ‘3-’-' o0.4

b) the standard deviation of X

c(\-p)

Use Var (x>=0_7.: 0

4 (1-0.4)
o = 0.4

c) the probability that the fourth 'head' will occur on the seventh toss.
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XN Nejatlve B (\*‘ Ouf) Youites
Use P(X"‘X)-‘— (i::) Pr (‘_F)X-F
Px=1)=(5) ) (0.6)” = 0.110592

=o.111 (3s.F)
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