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2.2.1 Arrangements & Factorials /

Your notes

Arrangements
How many ways can n different objects be arranged?

= When considering how many ways you can arrange a number of different objectsinarowit’s a good
idea to think of how many of the objects can goin the first position, how many can goin the second and
soon
= For n =2 there are two options for the first position and then there will only be one objectleftto goin
the second position so
= Toarrange the letters Aand B we have
= ABandBA
= For n =3 there are three options for the first position and then there will be two objects for the
second position and one left to goin the third position so
= Toarrange theletters A, Band C we have
= ABC,ACB,BAC,BCA, CABand CBA

= Fornobjects there are I options for the first position, 1 — 1 options for the second position
and so onuntil there is only one object left to goin final position
= The number of ways of arranging different objectsis n X (n—1) X (n—2) X ... x2x 1

What happens if the objects are not all different?

= Considerarranging two identical objects, although there are still two different ways you could place
the objects down next to each other, the arrangements would look exactly the same

= Toarrange the letters Ajand A, we have
u A1A2andA2A1
= These are exactly the same, so there is only one way to arrange the letters Aand A

= Toarrange the letters Aj, A, and C we have
. AVARC ARAIC,AIC Ay, ,ApCA;, CAA, CAYA
= Althoughthe two letter As were placed separately, they are identical and so each pattern has

beenrepeatedtwice

= There are 6 ways to arrange the letters A, Aand C, but with some duplicates

= Thereare 5 = 3 different ways to arrange the letters A, Aand C

= |f there are twoidentical objects within a group of objects to be arranged, the number of ways of
arranging different objects should be divided by 2
= Considerarranging three identical objects, although there are still six different ways you could place
the objects down next to each other, the arrangements would look exactly the same
= Toarrange theletters A;, A and Az
= A A2Az, ATAz Ag A AvAs, A Az Ay, Az ATAy , Az AR A
= However, if these were all A, we would have AAArepeated six times
= To find the number of arrangements of the letters A, A, Aand C we would have to consider the
number of ways of arranging four letters if they were all different and then divide by the number of
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ways AAAis repeated ,
= Fourdifferent letters could be arranged 4 X 3 X 2 X 1 =24 ways
= AAAwouldbe repeated six times so we would need to divide by 6
= There are four different ways to arrange the letters A,A,Aand C
If there are three identical objects within a group of n objects to be arranged, the number of ways of

Your notes

arranging 1 different objects should be divided by 6
If there are r identical objects within a group of n objects to be arranged, the number of ways of

arranging 1 different objects should be divided by the number of ways of arranging r different objects
= |fthere arer identical objects within a group of n objects to be arranged, the number of ways of
arranging nthe objectsis n X (n—1) X (n—=2) X ... X2 X 1 divided by
rx(r=1)x(r=2)x...x2x1

@ Worked example

By considering the number of options there are for each letter to go into each position, find how many
different arrangements there are of the lettersin the word REVISE.
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First, find the number of ways they could be arranged if they
were all different
REVISE

There are six letters so they can be arranged into six positions:

,ln 2nd 3rd 4th S‘v.h LQS't
position position position position position position
6 options 5 options 4 options 3 options 2 options| |1option

Then, consider any repeated items:
ALl arrangements will have E repeated twice,so there will be two

of every drrdngement
4EtE 2nd E

REVISE
REVISE

2 Ee AE

Find the number of ways:

6x5x4x3x2x]
7

There are 360 arrangements of the word REVISE

= 6x5x4x3=360
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Factorials /

What are factorials? Your notes

Factorials are a type of mathematical operation (just like +, -, x, +)
The symbol forfactorialis!
= Sototake afactorial of any non-negative integer, 11, it will be written 11! And pronounced ‘11
factorial’
The factorial function foranyinteger,11,isn! = n X(n—1)x(n—2)Xx... x2x1
= Forexample, 5factorialis5!'=5x4x3x2x1
The factorial of a negative numberis not defined
= You cannot arrange a negative number of items
ol=1
= There are no positive integers less than zero, so zeroitems can only be arranged once
Most normal calculators cannot handle numbers greater than about 70!, experiment with yours to see

the greatest value of X such that your calculator can handle x!

How are factorials and arrangements linked?

= The number of arrangements of 11 different objectsis 11!
= Wheren!=nx(n—-1)x(n-2)x...x2x1
The number of different arrangements of N objects with one object repeated I'times and the others all
n!
differentis —
r!

The number of different arrangements of 11 objects with one object repeated I'times, another object

n!
repeated S times and the other objects all differentis gy
r:s.
What are the key properties of using factorials?
Some important relationships to be aware of are:
» nl=nx(n-1)!
= Therefore
n!
———~_=n
(n-1)!

= n'=nx(n—-1)x(n-2)!
= Therefore

n!
m =nx(n-1)

Expressions with factorials in can be simplified by considering which values cancel out in the fraction
= Dividing alarge factorial by a smaller one allows many values to cancel out
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ﬂ _ IX6X5x4x3x2x1
4! 4x3%x2X%X1

=T7X6X5 /

Your notes

@ Worked example

(i) Show, by writing 8! and 5!in their full form and cancelling, that

81

§=8X7X6

(ii) n!

Hence, simplify m

(iii) The letters A, B, B, B, B, B, Cand D are arranged in arow. How many different ways are
there to arrange the 8 lettersinarow?
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5l=5x4x3x2x1 /

Your notes
Bl=8x7x6xb5x4x3x2x1

&_ Bx 7/ x 6x 5 x A x3 =2 x4

51 Bx Ax3xZxA
8!— x 7 x
—E_;—S /%6

Hence means using the information in the previous question

Lo, A

| : _
&=8x7x6 on — 2

5!

|Then 5=n—3aj

n!
m =nxfn-’|)xfn-2)

‘OR OTHERWISE’ This could also be shown by expanding n!
and (n = 3)!

nt nx(n=1x(n = 2)x(n—3Tx(n—F) x o4 x Zx4
(h—3)0 " (n—"3) x (n—7) x % x Zx 4

A B B B B B C D There are 8 letters but letter B
is repeated 5 times

Arranges 8 Letters%’N

3!
51
There is one letter
repeated 5 times
8l s
S 8x7x6 =336

There dre 336 darrangements
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O Examiner Tip /

. . . , . . o Your notes
= Arrangements and factorials are tightly interlinked with permutations and combinations

= Make sure you fully understand the conceptsin this revision note as they will be fundamental to
answering perms and combs exam questions!
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2.2.2 Permutations

Permutations

Are permutations and arrangements the same thing?

Mathematically speaking yes, a permutation is the number of possible arrangements of a set of
objects when the order of the arrangements matters
A permutation can either be finding the number of ways to arrange n items or finding the number of
ways to arranger out of nitems
By the reasoning givenin the 2.2.1 Arrangements revision note, the number of permutations of
ndifferentitemsisn! = nx(n—1)x(n—=2)x...x2x 1
= Forb5differentitemsthereare5'=5 x4 x 3 x 2=120 permutations
= Forédifferentitemsthereare 6!=6 x5 x4 x 3 x2=720 permutations
= |tiseasytoseehow quickly the number of possible permutations of differentitems canincrease
= For10 differentitemsthere are 10! = 3628 800 possible permutations

How do we handle permutations if there are repeated items?

Again, by the reasoning givenin the 2.2.1 Arrangements revision note, the number of permutations of n
differentitems, with one of the itemsrepeatedrtimes, is

%! =ax(n-1)x...x(r+1)

The number of permutations of n different items, with one of the items repeated rtimes and another

n!
repeatedstimes,is ——
rls!

This property willneed to be applied to any permutation problem with one or more item(s) repeated a
number of times

How do we find r permutations of nitems?

If we only want to find the number of ways to arrange a few out of n different objects, we should
consider how many of the objects can goin the first position, how many can go in the second and so on
If we wanted to arrange 3 out of 5 different objects, then we would have 3 positions to place the
objectsin, but we would have 5 options for the first position, 4 for the second and 3 for the third

= Thiswould be 5 x 4 x 3ways of permutating 3 out of 5 different objects

5! 5!
= Thisisequivalentto — = V7
2! (5-3)
If we wanted to arrange 4 out of 10 different objects, then we would have 4 positions to place the
objectsin, but we would have 10 options for the first position, 9 for the second, 8 for the third and 7 for
the fourth

= Thiswouldbe 10 x 9 x 8 x 7 ways of permutating 4 out of 10 different objects
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100 10!
6 (10-4)
If we wanted to arrange rout of n different objects, then we would have r positions to place the objects
in, but we would have n options for the first position, (11 - 1) forthe second, (11 - 2) forthe third and so
onuntilwereach (n—(r—1))

= Thiswouldbe n X (n—1)X... x (n—r+ 1) ways of permutating r out of n different objects

n!
= Thisisequivalentto 7/
(n-r)!

= Thisisequivalent to

|
The function B can be written as P
(n-r)! r
= Make sure you can find and use this button on your calculator
The same function works if we have n spacesinto which we want to arrange r objects, consider
= forexample arranging five people into arow of ten empty chairs

Permutations when two or more items must be together

If two ormore items must stay together within an arrangement, it is easiest to think of these items as
‘stuck’ together

These items will become one within the arrangement

Arrange this ‘one’ item with the others as normal

Arrange the items within this ‘one’ item separately

Multiply these two arrangements together
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FOR EXAMPLE: ARRANGE FOUR IDENTICAL STARS, FOUR IDENTICAL
TRIANGLES AND THREE IDENTICAL CIRCLES IN A ROW SUCH THAT
THE THREE CIRCLES MUST STAY TOGETHER

ONATYe AT NATeOO Ay

STEP 41: ‘STICK’” THE THREE CIRCLES TOGETHER SO THAT THEY
BECOME ONE OBJECT

QOOAL AL AL ATy

THE ELEVEN OBJECTS HAVE NOW BECOME NINE OBJECTS (FOUR STARS,
FOUR TRIANGLES AND THREE CIRCLES ACTING AS ONE ITEM)

STEP 2: FIND THE NUMBER OF WAYS TO ARRANGE THESE NINE
OBJECTS AS THOUGH THEY WERE ALL DIFFERENT

9! = 362880

STEP 3: FIND THE NUMBER OF WAYS TO ARRANGE THE THREE
‘STUCK? ITEMS WITHIN THEIR GROUP

THE CIRCLES ARE ALL IDENTICAL SO THIS
WiLL CANCEL OUT LATER, HOWEVER IF THE
CIRCLES WERE DIFFERENT COLOURS FOR
EXAMPLE, THIS STEP IS IMPORTANT

STEP 4: MULTIPLY TOGETHER AND DIVIDE BY ANY REPEATED
OBJECTS
9x3l  _gap
41 % 4% 3|

3l=6

Permutations when two or more items cannot be all together

= |ftwoitems must be separated ..
= considerthe number of ways these two items would be together
= subtract this fromthe total number of arrangements without restrictions
= |f more than two items must be separated...
= considerwhether all of them must be completely separate (hone can be next to each other) or
whether they cannot all be together (but two could still be next to each other)
= |fthey cannot all be together then we cantreat it the same way as separating two items and
subtract the number of ways they would all be together from the total number of permutations of
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the items, the final answer willinclude all permutations where two items are still together ,

FOR EXAMPLE: ARRANGE FOUR IDENTICAL STARS, FOUR IDENTICAL Your notes
TRIANGLES AND THREE IDENTICAL CIRCLES IN A ROW SUCH THAT
THE THREE CIRCLES MUST NOT BE ALL TOGETHER

ONATT AT ATTOOAYY

STEP 1 FIND THE NUMBER OF WAYS THE CIRCLES CAN BE ALL
TOGETHER (SEE BELOW)

QOO AL AV AT ATy

9! x 3!

————— =630
A4l x 41 x 31

STEP 2: FIND THE NUMBER OF WAYS TO ARRANGE THE ELEVEN
OBJECTS WITHOUT ANY RESTRICTIONS

M)

———— =11550
Al x 41 x 3]

STEP 3: SUBTRACT THE NUMBER OF WAYS THEY COULD ALL BE
TOGETHER FROM THE TOTAL NUMBER OF ARRANGEMENTS

11550 — 630 = 10920

BE AWARE THAT THIS ANSWER DOES NOT REMOVE WAYS WHERE
TWO CIRCLES ARE TOGETHER

Permutations when two or more items must be separated

= |ftheitems must allbe completely separate then
= |ayouttherest of theitemsinaline with aspace in between each of them where one of the
items which cannot be together could go
= rememberthat this could also include the space before the first and after the lastitem
= Youwouldthenbe able to fit the items which cannot be togetherinto any of these spaces,

using the rpermutations of nitemsrule (”P)

= Youdonotneedto fillevery space
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FOR EXAMPLE: ARRANGE FOUR IDENTICAL STARS, FOUR IDENTICAL
TRIANGLES AND THREE IDENTICAL CIRCLES IN A ROW SUCH THAT
THE THREE CIRCLES MUST ALL BE SEPARATED

OAY AT ATTOOAYY

STEP 1:  SEPARATE THE OTHER ITEMS SUCH THAT THERE IS A
SPACE BETWEEN EACH OF THEM

WARREVARR FEAVACRNEVARS k&
EACH X IS A SPACE WHERE A CIRCLE COULD GO

STEP 2: FIND THE NUMBER OF WAYS TO ARRANGE THE OTHER
ITEMS WITHOUT THE CIRCLES

8 ITEMS

41 x 41
4 REPEATED STARS 4 REPEATED TRIANGLES

STEP 3: FIND THE NUMBER OF WAYS THE CIRCLES COULD FIT INTO
THE SPACES MADE BY THE OTHER OBJECTS

9 SPACES 3 ITEMS TO FIT INTO THE SPACES

3 REPEATED CIRCLES

STEP 4: MULTIPLY TOGETHER

8! 9P3

Aixa T3 0880

Permutations when two or more items must be in specific places

= Most commonly this would be arranging a word where specific letters would go in the first and last
place
= QOrarranging objects where specific items have to be at the ends/in the middle
= |magine these specificitems are stuckin place, thenyou can find the number of ways to arrange
the rest of the items around these ‘stuck’ items
= Sometimes the items must be grouped
= Forexample all vowels must be before the consonants
= Orallthered objects must be on one side and the blue objects must be on the other
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= Find the number of permutations within each group separately and multiply them together ,
= Be carefulto check whether the groups could be in either place
= e.g.thevowels onone side and consonants on the other Your notes

= orif they must bein specific places (the vowels before the consonants)
= |fthe groups could be in either place than your answer would be multiplied by two
= |fthere were n groups that could be in any order then you’re answer would be multiplied by n!

@ Worked example

(a) How many ways are there torearrange the letters in the word BANANAS if the B and the S must
be ateachend?

(b) How many ways are there to rearrange the letters in the word ORANGES if
0] the three vowels (A, Eand O) must be together?
(ii) the three vowels must NOT all be together?

(iii) the three vowels must all be separated?

(a) How many ways are there torearrange the letters in the word BANANAS if the Band the S
must be at each end?
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@ BANANAS /

Three As Your notes

Two Ns
One B,one S

Step 1 ‘Stick’ the ‘B’ and ‘S’ at each end
BAAANNS

Step 2:  Find the number of arrangements of the other letters:

Five letters(A A A N Nlob—=\
51
312]

Three identical As,
two identical Ns

Step 3:  Check to see if the ‘stuck’ items could be swapped around

Yes, be cdreful here. We have considered the B at the start
and the S at the end but these could be swapped around

SAAANNB
2! ways to arrange the B and S

Step 4:  Multiply to get your final answer:

ol _ ol _ _
3572 = 3 =5x4=20

Arrangements of the
outside letters

Arrangements of the
letters in the middle

There are 20 ways

(b) How many ways are there to rearrange the letters in the word ORANGES if
(i) the three vowels (A, E and O) must be together?
(i) the three vowels must NOT all be together?
(iii) the three vowels must all be separated?
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b)) ‘Stick’ the three vowels together: © E ARN G S

The number of arrangements of
the five items (treating the
three vowels as one)

51 x 3l The number of arrangements of
the three vowels within their

group

(ALL the letters dre different so no need to divide)

720 ways

(i) For the three vowels not all together, subtract number of ways
they are all together from the total number of arrangements

There are 7 letters with no repeats:

Total number of arrangements = 7!

71— (51=31) =5040 - 720

4320 ways

(iii) To find the number of ways the three vowels are all separated,

first separate out the non—vowels:

The blue crosses are spaces
where the vowels could go

There are 4! ways to
separate the non—vowels

x Rx Nx GxS x

Multiply the number of permutations of the non—vowels with
the number of permutations of the vowels

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers
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O Examiner Tip /

oo . . . , . Your notes
= The wordingis veryimportant in permutations questions, just one word can change how you

answer the question.

= | ook out for specific details such as whether three items must all be separated or just cannot be all
together (there is a difference).

= Pay attentionto whetheritems must be in alternating order (e.g. red and blue items must alternate,
either RBRB... or BRBR...) or whether a particular item must come first (red then blue and so on).

= [fitems should be at the ends, look out for whether they can be at either end or whether one must
be at the beginning and the other at the end.
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2.2.3 Combinations /

Your notes

Combinations
What is the difference between permutations and combinations?

= Acombinationis the number of possible arrangements of a set of objects when the order of the
arrangements does not matter
= Onthe otherhand a permutationis when the order of arrangement does matter
= Acombination will be finding the number of ways to choose rout of nitems
= The orderinwhichtheritems are chosenis notimportant
= Forexample if we are choosing two letters from the word CAB, AB and BA would be considered the
same combination but different permutations

How do we find r combinations of nitems?

= |f we want to find the number of ways to choose 2 out of 3 different objects, but we don’t mind the
orderinwhich they are chosen, then we could find the number of permutations of 2 items from 3 and
then divide by the number of ways of arranging each combination
= Forexampleif we wantto choose 2 letters fromA,Band C
= There are 6 permutations of 2 letters:
AB,BA,AC,CA,BC,CB

= Foreach combination of 2 letters there are 2 (2 x 1) ways of arranging them
(forexample, AB and BA)
= Sodivide the total number of permutations (6) by the number of ways of arranging each
combination (2) to get 3 combinations
= |f we want to find the number of ways to choose 3 out of 5 different objects, but we don’t mind the
orderinwhich they are chosen, then we could find the number of permutations of 3 items from 5 and
then divide by the number of ways of arranging each combination
= Forexampleif we want to choose 3 letters fromA, B, C,DandE
There are 60 permutations of 3 letters:
ABC,ACB, BAC,BCA, CAB, CBA, ABD, ADB, etc

= Foreach combination of 3letters there are 6 (3 x 2 x1) ways of arranging them (for example,
ABC,ACB,BAC,BCA, CAB and CBA)
= Sodivide the total number of permutations (60) by the number of ways of arranging each
combination (6 whichis 3!) to get 10 combinations
= |f we want to find the number of ways to choose ritems out of n different objects, but we don’t mind
the orderinwhich they are chosen, then we could find the number of permutations of ritems fromn
and then divide by the number of ways of arranging each combination
= Recallthat the formula forrpermutations of nitemsis 7P = L
r (p-r)

= Thiswouldinclude r!ways of repeating each combination
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ap
r n!
= The formula forrcombinations of nitemsis =
r! (n=nr)'r!
_ n! . n .
= The function canbewrittenas?C or andis oftenread as ‘nchooser’
(n=nr)'r! r r

= MakesureyoucanﬁndandusetheHC button onyour calculator
r

= Theformulae for permutations and combinations satisfy the following relationship:

np

r
nc = ——
r r!

What do | need to know about combinations?

n!

= The formula ”Cr = is also known as a binomial coefficient

(n —r.)!r!

. N =ng =
CH COI

= |tiseasytoseethatthereisonly one way of arranging n objects out of nand also there can only be
one way of arranging O objects out of n
= By considering the formula for this, it reinforces the fact that 0! Must equal 1

= The binomial coefficients are symmetrical, so 1C =1C
r n-r

= This canbe seen by considering the formula for HCI

n! n! n
n—r= (n=0r)!(n-(n-0)) B rl(n—-r)! - Cr

. ¢

How do | know when to multiply or add?

= Many questions will ask you to find combinations of a group of differentitems from a bigger group of a
specified number of those differentitems
= Forexample, find the number of ways five questions could be chosen from a bank of twenty
different pure and ten different statistics questions
= The hintin this example is the word 'chosen’, this tells you that the orderin which the questions are
chosendoesn't matter
= Sometimes questions will have restrictions,
= Forexample there should be three pure and two statistics chosen from the bank of questions,
= Orthere must be atleast two pure questions within the group
= |f unsure about whether to add or multiply your options, ask yourself if Aand B are both needed, orif A
orBisneeded
= Always multiply if the answeris and, and add if the answeris or
= Forexample if we needed exactly three pure and two statistics questions we would find the
amount of each and multiply them
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= |f we could have either five statistics or five pure questions we would find them separately and add
the answers

= Probabilities can be found with combinations questions by finding the number of options a selection
canbe madeina particular way and dividing that by the total number of options

How do we handle combinations if some of the objects are identical?

= Sometimes you will be asked to find the number of ways ritems can be chosen from nitems when
some of the items are identical

= Youmust consider the identical items separately

= Forexample, if youwanted to choose 4 letters from the word CHOOSE you would have to consider all
the options with zero Os, one O and two Os separately

@ Worked example

Oscarhas to choose four books from a reading list to take home over the summer. There are four
fantasy books, five historical fiction books and two classics available for him to choose from. Inhow
many ways can Oscar choose four books if he decides to have:

(i) two fantasy books and two historical fictions?
(ii) atleast one of each type of book?

(iii) atleast two fantasy books?
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Choosing two fantasy from four: ‘C,
Choosing two historical fiction from five:°C,

Total options = “C,x °C, =6 x10

We need fantasy and
historical fiction so
multiply the options

60 options

Oscar must have two of one and one of each of the others
Let F represent a fantasy book,H represent historical fiction
and C represent a classic

These are the options he
can choose from

Has 4 5 2
Can choose F H C ol
11 2 CxCxC= 4x5x1=20
T:e'se clr'r;e the 1 2 1 'C,x°C,xC, = 4x10x2 =380
choices he can 2 1 y ‘C2x5C4X2C4=6><5X2=60

make

(i)

He can choose from one of these options so we add them:

20 +80 + 60 = 160

160 options

He could have two, three or four fantasy books:

Always check that these numbers are

Has not bigger than the possible options

Can choose

Use a system

to make sure you
don’t forget any
Check that all
the options add
up to 4

—

C,%°C,x*C, =60 )
‘c,x°C,x*C, =60
‘C,x°C,xC, =6
‘C,x°C,x*C, = 20
‘C,x°C,xC, =8

PWWNNNTA
OO0 aNTITW
O~0oON2O0AON

Cix"CoxCy =1

-/

Any one of these
could be chosen
this is ‘OR’ so add
them

Total number of options=60+60+6+20+8+1=155

155 options

Alternative method: it doesn’t matter whether the other books are
historical fiction or classics so we could just

L . il - -t L L. RN

Page 210f 22

© 2015-2025 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

consiger Lnese 4us nowu ordnudsy , Ny

7 /

N Your notes
2 *C,x'C,=6x21=126

1 'C,x'C,=4x7=28

0 ‘C,x'C,=1x1=1

PO NT S

126 + 28 + 1 =155 options

O Examiner Tip

Itisreallyimportant that you can tell whether a questionis about permutations or combinations.
Look out for key words such as arrange (for permutations) or choose or select (for combinations).
Don’t be confused if a question asks for the number of ways, this could be for eithera
permutations or a combinations question. Look out for other clues.
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