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Introduction to Functions ,
Your notes

Introduction to functions

Whatis a function?

= Afunctionis acombination of one or more mathematical operations that takes a set of
numbers and changes theminto another set of numbers

= The numbers being putinto the function are often called the inputs
= The numbers coming out of the function are often called the outputs
= Afunction may be thought of as a mathematical “machine”

= Forexample, forthe function “double the numberand add1”, the two mathematical
operations are "multiply by 2 (x2)" and "add 1(+1)"

= Putting 3into the functionwouldgive2x 3+1=7
= Putting-4inwouldgive 2 x (-4)+1=-7

= Putting xinwould give 2x + 1

What is function notation?
» Afunction, f, withinput x can be written as f(x) = ...
= |ettersotherthanfcanbeused
= Thelettersg,handjare common but any letter can be used
= Typically, anew letter will be used to define a new functionin a question

= Forexample, the function with the rule “triple the numberand subtract 4” would be
written

» f(x)=3x—4
» Insuchcases, "x"is theinputand "f(x)" is the output
= Sometimes functions don’t have names like f and are just writtenasy = ...

= Eg.y=3x-4

How does a function work?
= Afunctionhas aninput x and an output f(x)
= [ftheinputis 2, thenthe outputis f(2)
» [ftheinputis m, then the output is f(m)
» [ftheinputis ¢+ 5, thenthe outputis f(¢+ 5)

= You cannot simplify this output any further
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= [fthe functionis known, the output can be calculated ,
= Forexample, given the function f(x) =2x + 1 Your notes
= f3)=2x3+1=7
- f(-4)=2x(-4)+1=-7
= f(a)=2a+1
= |f the outputis known, an equation can be formed and solved to find the input
= Forexample, giventhe function f(x) =2x+1
» If f(x) =15, then form an equation by replacing f(x) with 2x + 1
= 2x+1=15
= Solving this equation gives aninput of 7
» Note that f(x) = 15 and f(15) are very different things:
» f(x)=15meansaninput of x gives an output of 15

= f(15) means substitute the input 15 into the function

What is a mapping diagram?

= Amapping diagram shows a set of different inputs goinginto the functiontobecome a
set of different outputs

= Transforminginputsinto outputsis called mapping

= Forexample, amapping diagram for the function f(x) = x + 3 where x >3 could be
shown as:

Mapping

Worked Example

Afunctionis defined as f(x) =3x2—2x+1.
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(a)Find (7). ,

Answer: Your notes

The inputis x =7, so substitute 7 into the expression everywhere you see an x
f(7)=3(7)2-2(7) +1
Calculate

£(7)=3(49) - 14+1
=147-14+1

£(7)=134

(b)Find f(x + 3), giving your answer in the form ax2 + bx + c where a, b and care
integers to be found.

Answer:

Theinputis (x +3) so substitute (x +3) into the expression everywhere you see an x
This is like replacing x with (x + 3)

f(x+3)=3(x+3)2-2(x+3)+1

Expand the brackets and simplify
Usethat (x+3)2=(x+3)(x+3)
Be careful with negative signs

f(x+3)=3(x2+6x+9)-2(x+3)+1
=3x2+ 18x+27-2x—-6+1
=3x2+ 16x+22

f(x+3)=3x2+16x+22
(@a=3,b=16,c=22)
Asecond functionis defined by g(x) =3x—4.
(c) Find the value of x for which g(x) = — 16.
Answer:

Thisis not saying substitute 16 into the function
It says that aninput x is substituted into g giving the output -16
To find the input, form an equation by replacing g(x) with 3x —4

3x—4=-16

Solve the equation (for example, by adding 4 to both sides, then dividing by 3)

3x—-4=-16
3x=-12
__n
=73
x=-4
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Domain & Range 4

Your notes

Domain & range

How are functions related to graphs?
= Functions canberepresented as graphsonxandy axes
= The x-axis values are the inputs
= They-axis values are the outputs

» Toseewhat graphtoplot, replace f(x) =... withy=...

e.g. f(x)=2x+5 is a linear function. Y
The graph of y=f(x) is a /

straight line.

o\

e.g. g(x)=x’-7x+10 is a quadratic y
function.
The graph of y =g(x) is a \
10

parabola (quadratic).

\
Ol N5 &

Whatis the domain?

= The domain of a functionis the set of allinputs that the functionis allowed to take
= Domains canbe describedinwords
= Domains mustreferto x
= notyorf(x)
= Youcanuse "notequalto" #if needed

= You canuse inequality signs if needed

What are examples of domains?

= Examples of domains are below:
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1
= f(x)= — takesany xvalue except O (you cannot divide by 0) ,

Your notes
= Thedomainis "all values of x except 0", or simply "x# 0"

» f(x)= \/; takes any x value thatis not negative (you cannot take the square root of a
negative)

= Thedomainis"x20"

= f(x) = x2 takes any x value (negative x values are fine as inputs)
= The domainis "all values of x"

= f(x)=3x+2takesanyxvalue

= The domainis "all values of x"

What are restricted domains and values excluded
fromdomains?

= Some domains are restricted by choice
s f(x)=3x+2withthedomainO<x<5

= This question wants to concentrate on that domain only (even though bigger
domains exist)

= Some domains must exclude certain values (or sets of values)

1
= f(x)= GG must exclude x = Tand x = -7 from any domain

= Thesetwoinputs make the function undefined (dividing by zero)

s f(x)=./x-3 must exclude x < 3 from any domain

= Anyinputinx < 3leads to square-rooting a negative
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: 4

X# -2
X+ 2 Your notes

e.g. fix) =

Domain: x can take all values,
except —2.

—2 would make the denomination
zero. Division by O is undefined.

e.g. 2 The function gl(t) is used to medsure
the height of the tide throughout the day.
g(t) =6 + sin(2t) O<gt<24

Domain: t is restricted so that
it covers the hours in one full
day only

Whatis therange?
= Therange of afunctionis the set of all outputs that the function gives out
= Ranges canbe describedinwords
= Ranges mustreferto f(x)
= notxory
= Youcanuse "notequal to" #if needed
= You canuse inequality signs if needed
= Rangesdepend ondomains
= Examples of ranges are below:
s f(x)=3x+2withthe domainx> O
s [fx=0thenf(0)=3(0)+2=2
= Therangeis"f(x)> 2"
= Thisisbecauseif allinputs are greaterthan O, all outputs will be greater than 2
= This could be seen from a sketch or by substituting inputs of x> O into f(x)
s f(x) = x2 with domain "all values of x"

= Therangeisf(x)>0
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= Thisisbecause all values of x get squared (so no negative outputs are created) ,

= Anynegative value that goes in comes out positive Your notes

= (Ogoesinandcomesoutas 02=0)

How canluse graphs to findranges?

= Ranges are easierif you know the shapes of different types of graphs
1
= Forexample, the shapes of y= <= x2,y=x3,trig graphs, etc

= They may alsoinvolve graph transformations

e.g. Sketch the graph of y = g(x)
where g(x)=3x> x>0

y = g(x)

This will be a transformation of
the graph y = x2
With the domain x >0 only part

of the full graph is required.
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e.g. (x) = 2sinx 0'< x<360° f
Your notes
a) Explain why the domain of f(x) is

restricted to O0'< x <360

a) The graph of sinx goes on forever—in
both the positive and negative
directions.

Restricting the domain to 0'< x < 360°
means the function has only full

cycle of sinx only.

b) Write down the range of f(x).

b) —2<flx)g2

sinX covers values from
-1 to 1.

f(x) = 2sinx so these
limits are doubled.

o

Examiner Tips and Tricks

= Sketching afunctioninanexam canhelp to "see" both the domain andrange of
that function

o

Worked Example
Two functions are given by

1
2x—1

f(x)=10-x glx)=

(a) If the domain of the function fis 2 < x <4, find the range.
Answer:
The domainis the set of inputs

Substitute x = 2 into f(x) to find its output
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(2)=10-
f2=é02 ,

Your notes
Substitute x = 4 into f(x) to find its output

f(4)=10-4
=6

Think of f(x) =10 - xas a graph
thegraphof y=10—x

This straight-line graph has a negative gradient
Betweenx =2 and x =4 the graph decreases from a height of 8 to a height of 6

Relate this to outputs
all outputs are between 6 and 8
Write down the range using f(x)

Remember that the inequality is "equal to" atx =4, f(x) = 6
(thisis the opposite order of "equal to" in the domain)

Therangeis 6 < f(x)< 8

(b) Write down the value of x that must be excluded from the domain of function g.
Answer:

Aninput cannot cause the function to divide by zero
Find out when "dividing by zero" would happen

2x—1=0

Solve to find this value of x (the one that must be excluded)

2x=1
_ 1
*=2
1
xX= E must be excluded from the domain
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Composite Functions 4

Your notes

Composite functions

What is a composite function?
= Acomposite functionis a function applied to the output of another function
= Theinput goes through the Ist function to become an output

= This output goes through the 2nd function to become a new output

What notationis used for composite functions?
= If f(x) and g(x) are two functions, then
= g(f(x)) is acomposite function
= |t means the input xgoes through function f first
» This gives the output f(x)
= Then this output, f(x), becomes the input of function g, giving g(f(x))
= gf(x)is the shorthand notation used for g(f(x))
» |tmeansdo f first,theng
= The order of applying the functions goes fromright to left
= (theletternearest the bracket goes first)
= Thisis oftenthe opposite of what people expect!
» fg(x) means do g(x) first then f(x) second
» ff(x) means apply f(x) twice!
= This can be written f2(x)

= This does not mean the same as [f(x)]?

o

Examiner Tips and Tricks

A good trickin the exam s to write brackets around gf(x) to make it g(f(x)), to see that
itis"g" of "f(x)".

\
How do | substitute numbers into composite
functions?

= |fyou are putting a numberinto a composite function
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= putthe numberinto the function closest to (x) ,

= thenmake the output of the first function the input of the second function Your notes
1
» Forexample,if f(x)=2x+1andg(x) = <

= tofindgf(2):
= Putthe2inastheinput of f first
= f(2)=2Q2)+1=5

= Thenput5inastheinputofg

+ Sogf2)=glf2)=g(5)= 5

» tofindfg(2):

= Putthe2inastheinputof g first

g(2)= %

|
= Thenput 5 inas the input of f
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= tofind f(2):
= f2)=2x2+1=5
= f(5)=2x5+1=11

» soff(2)=11

How do | find composite functions algebraically?

= |f you are using algebra, substitute the whole algebraic expression as yourinput
_ 1
= Forexample, if f(x)=2x+ 1 and g(x) = <

=il = 1 )eax (1= 21

- gf(x)=g(f(0) =glx+1)=5—7

» fi(x)=f(f(x))=f(2x+1)=2(2x+ 1) + 1 which simplifies to fi(x) =4x +3

o

Worked Example
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Inthis question, f(x) = 2x — 1 and g(x) = (x + 2)2. ,
(a)Find fg(4). Your notes
Answer:
"g"is ontheinside of the composite function, so apply g first

g(4)=(4+2)2=62=36
Now apply the function "f" to 36

£(36)=2(36) - 1
=72-1

fg(4)=171
(b) Find gf(x).
Answer:

"f"isontheinside of the composite function so substitute the function f(x) into g(x)
It can help to write gf(x) = g(f(x))

gf(x) = g(f(x)) =g(2x—1)=(2x-1)+2)?
Simplify inside the bracket
gf(x)=(2x-1+2)?

gf(x)=(2x+1)?

1’ SaveMyExams © 2026 Save My Exams, Ltd.  Get more and ace your exams at savemyexams.com 13



https://www.savemyexams.com/?utm_source=pdf

Inverse Functions /
Your notes

Inverse Functions

Whatis aninverse function?
= Aninverse function does the opposite (reverse) operation of the function it came from
= E.g.Ifafunction “doubles the numberthenadds1”
= Thenitsinverse function “subtracts1, then halves the result”

= The sameinverse operations are used when solving an equation orrearranging a
formula

= Aninverse function performs the inverse operations in the reverse order

What notationis used forinverse functions?
= Theinverse function of f(x) is writtenas f=1(x)=...
» Forexample,if f(x)=2x+1

x—1

-
= Theinverse functionis f~1(x) = orf~l: x»

» Iff(a)=bthenf~1(b)=a
= Forexample
= f(3)=2x3+1=7(inputting 3into f gives 7)
= f1(7)= 72;1 =3 (inputting 7 into f~! gives back 3)
How do | find aninverse function algebraically?
= The process for finding aninverse functionis as follows:
= Write the functionasy =...
» E.g.Thefunctionf(x)=2x+ 1 becomes y=2x+ 1
= Swapthexsandystogetx=...
= Eg.x=2y+1
= Theletters change but no terms move
= Rearrange the expression to make y the subjectagain

x—1
2

» Eg.x=2y+1becomesx—1=2ysoy=

= Replace ywith f~1(x)=.. (orf~l: x+..)
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e Eg. (0= 4

Your notes
= Thisistheinverse function

= yshould notappearin the final answer

How are inverse functions and composite functions
related?

= The composite function of f followed by f~! (or the other way round) cancels out
s i (x)=f"1f(x)=x
= |fyouapply afunctiontox, thenapplyitsinverse function, you get back x
= Whateverhappenedto x gets undone
= fandf‘]canceleachotheroutwhenappliedtogether
= Forexample, solve f~1(x) =5 where f(x) = 2%
» Finding the inverse function f~1(x) algebraically in this case is tricky
= (Itisimpossibleif youhaven't studied logarithms!)

= |nstead, you cantake f of both sides of f=1(x) =5 and use the fact that ff~! cancel
eachotherout:

= ff-1(x) = f(5) which cancels to x = f(5) giving x=25=32

How do | find the domain and range of aninverse
function?

= The domain of aninverse function has exactly the same values as the range of the
original function

= Eg.lff(x)= has arange of f(x) > 5

x+1
o . 3 .
= thenitsinverse function, f~1(x) = e 1,hasthe domainx>5

= Rememberto always write domainsin terms of x

= Therange of aninverse function has exactly the same values as the domain of the
original function

» Eglff(x)= has adomainof x< — 1

x+1
3
= thenitsinverse function, f~1(x) = e 1,hastherange f~1(x)< — 1

= Remember to always write ranges in terms of their function, f~1(x)

[ -
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o ,
Worked Example

Your notes
Afunction f(x) =5 —3xhas the domain =2 <x < 7.
(a) Use algebrato find f~1(x).
Answer:

Write the functioninthe form y=5-3x andthenswap thex and y

y=5-3x
x=5-3y

Rearrange the expression to make y the subject again

x=5-3y
x+3y=5
3y=5—-x
5-x
=5

Rewrite the answer using inverse function notation

5—-x

f-1(x) = 3

(b) Find the domain of f~1(x).

Answer:

The domain of the inverse functionis the range of the original function
Find the range of f(x) by first finding f(—2) and f(7)

f(-2)=5-3(-2)=5+6=11
£f(7)=5-3(7)=5-21=-16

The graph of y=5—3x is a straightline with a negative gradient
Betweenx =-2 and x =7 the graph decreases from a height of 11to a height of -16

Therange of f(x) is —16 < f(x) < 11

Note that the inequality is "equal to" atx =7, f(x) = -16
(thisis the opposite order of "equal to" in the domain)

The domain of f~1(x) takes the same values as range of f(x)
Write down the domain of f~1(x)
(Remember that domains are always written in terms of x)

-l6<x<11
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